
Ðåñßëçøç

Óôï Üñèñï áõôü áíáðôýóóïíôáé ôï ìçôñþï äõóêáìøßáò êáé ôá

ìçôñþá öüñôéóçò åíüò ðåðåñáóìÝíïõ óôïé÷åßïõ äïêïý ìå óõíå÷Þ åëá-

óôéêÞ Ýäñáóç ôýðïõ Winkler êáé ìå äõíáôüôçôá åðéëåêôéêÞò èåþñç-

óçò äéáôìçôéêþí ðáñáìïñöþóåùí, çìéÜêáìðôùí óõíäÝóåùí êáé

áðïëýôùò óôåñåþí âñá÷éüíùí óôá Üêñá ôïõ. Ôá ìçôñþá öüñôéóçò

ðåñéëáìâÜíïõí ôï ïìïéüìïñöï öïñôßï q êáèþò êáé ôç ìåôáâïëÞ èåñ-

ìïêñáóßáò Ät ìåôáîý ôçò Üíù êáé êÜôù ßíáò ôçò äéáôïìÞò ôïõ óôïé-

÷åßïõ. Ôï íÝï áõôü óôïé÷åßï ÷áñáêôçñßæåôáé ùò ãåíéêåõìÝíï, åðåéäÞ

åßôå ìçäåíßæïíôáò êÜðïéïõò óõíôåëåóôÝò óôï ìçôñþï äõóêáìøßáò ôïõ

åßôå ó÷çìáôßæïíôáò ôéò ïñéáêÝò ôéìÝò ôïõò ðñïêýðôïõí êáô� åðéëïãÞ ôá

åéäéêüôåñá ìçôñþá äõóêáìøßáò êáé öïñôßïõ (á) ôçò êëáóéêÞò áðëÞò

äïêïý Bernoulli Þ Timoshenko, (â) ôçò êëáóéêÞò äïêïý ìå Üêá-

ìðôïõò âñá÷ßïíåò óôï áñéóôåñü Þ/êáé äåîéü Üêñï ôçò, (ã) ôçò åëáóôé-

êþò åäñáæüìåíçò äïêïý ìå Üêáìðôïõò Þ êáé ÷ùñßò Üêáìðôïõò âñá-

÷ßïíåò êáé (ä) ôçò áðëÞò äïêïý ìå çìéÜêáìðôåò óõíäÝóåéò êáé Üêá-

ìðôïõò âñá÷ßïíåò. Ïé äõíáôüôçôåò áõôÝò êáèéóôïýí ôï ãåíéêåõìÝíï

áõôü óôïé÷åßï éäéáßôåñá ÷ñÞóéìï óå ðñïãñÜììáôá Ç/Õ áíÜëõóçò

êáôáóêåõþí, üðïõ ìå êáôÜëëçëïõò «äéáêüðôåò» ìðïñåß íá ðáñÜãåôáé

ôï åêÜóôïôå åðéèõìçôü óôïé÷åßï. Ç ÷ñçóéìüôçôá ôïõ íÝïõ óôïé÷åßïõ

êáôÜ ôçí åðßëõóç öïñÝùí áðü óêõñüäåìá Þ ÷Üëõâá ôåêìçñéþíåôáé ìå

ôçí ðáñÜèåóç äýï áñéèìçôéêþí ðáñáäåéãìÜôùí.

1. ÅÉÓÁÃÙÃÇ

ÊáôÜ ôçí ðñïóïìïßùóç êáé åí óõíå÷åßá åðßëõóç êáôá-

óêåõþí áðü ïðëéóìÝíï óêõñüäåìá Þ áðü ÷Üëõâá ðñïêý-

ðôïõí óôçí ðñÜîç ïñéóìÝíá ðñïâëÞìáôá, ôá ïðïßá ìðïñïýí

íá áíôéìåôùðéóèïýí áðïôåëåóìáôéêüôåñá ìå ÷ñÞóç ãñáììé-

êþí ðåðåñáóìÝíùí óôïé÷åßùí êáôáëëçëüôåñùí ôïõ áðëïý

êëáóéêïý óôïé÷åßïõ äïêïý Bernouli. ÔÝôïéá ðñïâëÞìáôá

åßíáé ðáñáäåßãìáôïò ÷Üñéí ôá åîÞò:

á. Óôéò óõ÷íÜ åìöáíéæüìåíåò ðåñéðôþóåéò èåìåëéþóåùí

åðß åíäïóßìïõ åäÜöïõò, ôï ðñþôï èÝìá ðïõ áíáêýðôåé åßíáé

ç ðñïóïìïßùóç ôçò åíäïóéìüôçôáò ôïõ åäÜöïõò èåìåëßùóçò.

Ìéá ðñþôç ðñïóÝããéóç ôïõ ðñïâëÞìáôïò, ç ïðïßá èá õéïèå-

ôçèåß êáé óôï ðëáßóéï ôçò ðáñïýóáò åñãáóßáò, áðïôåëåß ç

÷ñÞóç ôïõ ãíùóôïý ìïíôÝëïõ ôïõ Winkler [1], ðïõ èåùñåß ôï

Ýäáöïò ùò ãñáììéêþò åëáóôéêü êáé ùò ðáñáìïñöïýìåíï

ìüíïí åêåß üðïõ äñá êáôáêüñõöï öïñôßï, äçëáäÞ ìüíïí

êÜôù áðü ôéò åðéöÜíåéåò ôùí ðåëìÜôùí. Áí êáé ôï åäáöéêü

áõôü ìïíôÝëï ìðïñåß íá èåùñçèåß åðáñêÝò óå ðïëëÝò ðåñé-

ðôþóåéò ôçò óõìâáôéêÞò êáèçìåñéíÞò ðñÜîçò, õðÜñ÷ïõí êáé

Üëëá ìïíôÝëá ðïõ áðïäßäïõí ñåáëéóôéêüôåñá ôç óõìðåñéöï-

ñÜ ôïõ åäÜöïõò, üðùò ð.÷. ôá ìïíôÝëá äýï Þ ðåñéóóïôÝñùí

ðáñáìÝôñùí (âë. ð.÷. [29] � [32]), ôï ìïíôÝëï ôïõ åëáóôéêïý

çìé÷þñïõ (âë. ð.÷. [33], [34]) ê.Ü., ôá ïðïßá üìùò óðáíßùò

åöáñìüæïíôáé óå ìåëÝôåò óõìâáôéêþí êáôáóêåõþí.

â. Ãéá ôçí áíÜëõóç åíüò öïñÝá èåìåëßùóçò åðß åíäïóß-

ìïõ åäÜöïõò Winkler (ï ïðïßïò, óôçí ðëåéïíüôçôá ßóùò ôùí

ðåñéðôþóåùí, óõíôßèåôáé åßôå áðü ðÝäéëá ìå óõíäåôÞñéåò

äïêïýò åßôå áðü åó÷Üñá ðåäéëïäïêþí) ïöåßëïõí íá ÷ñçóéìï-

ðïéçèïýí ðåðåñáóìÝíá óôïé÷åßá äïêïý ìå óõíå÷Þ åëáóôéêÞ

Ýäñáóç. ÐáñÜëëçëá, ðñÝðåé íá ëçöèåß õðüøç êáé ôï ãåãïíüò

üôé óôá óçìåßá óýíäåóçò ôùí óõíäåôÞñéùí äïêþí ìå ôá õðï-

óôõëþìáôá Þ ôïé÷þìáôá ðáñåìâÜëëïíôáé åíäå÷ïìÝíùò êáé

ðÝäéëá, ôá ïðïßá åßíáé äïìéêÜ óôïé÷åßá ìå ðïëý ìåãÜëç

äõóêáìøßá. Ðñïêýðôåé åðïìÝíùò ç áíÜãêç íá ëçöèåß õðüøç

ç åðéññïÞ ôùí ðñáêôéêþò Üêáìðôùí ðåäßëùí óôéò ôéìÝò ôùí

åíôáôéêþí ìåãåèþí ðïõ èá ÷ñçóéìïðïéçèïýí ãéá ôçí ôåëéêÞ

äéáóôáóéïëüãçóç ôüóï óôá Üêñá ôùí óõíäåôçñßùí äïêþí

üóï êáé óôïõò ðüäåò ôùí õðïóôõëùìÜôùí Þ ôïé÷ùìÜôùí. Ôá

ðáñáðÜíù äýï ðñïâëÞìáôá áíôéìåôùðßæïíôáé óõ÷íÜ óôçí

ðñÜîç ìå ÷ñÞóç ôïõ áðëïý êëáóéêïý ðåðåñáóìÝíïõ óôïé÷åßïõ

äïêïý ùò åîÞò: Ç óõíå÷Þò åëáóôéêÞ Ýäñáóç ôçò ðåäéëïäïêïý

áíôéêáèßóôáôáé áðü éêáíü áñéèìü ìåìïíùìÝíùí åëáôçñßùí,

ìåôáîý ôùí ïðïßùí ôïðïèåôåßôáé Ýíá áðëü êëáóéêü óôïé÷åßï

äïêïý, åíþ ïé ðåñéï÷Ýò, ðïõ èåùñïýíôáé Üêáìðôåò, ðñïóï-

ìïéþíïíôáé ìå êëáóéêÜ ðåðåñáóìÝíá óôïé÷åßá äïêïý, óôá

ïðïßá üìùò ðñïóäßäïíôáé ðïëý ìåãÜëåò ôéìÝò ãéá ôç ñïðÞ

áäñÜíåéáò óå êÜìøç. ÊáôÜ ôçí ðñáêôéêÞ áõôÞ áíôéìåôþðéóç,

áö� åíüò äçìéïõñãïýíôáé áðïêëßóåéò áðü ôçí ïñèÞ ëýóç

ëüãù ôçò äéáêñéôïðïßçóçò ôçò óõíå÷ïýò åëáóôéêÞò Ýäñáóçò

êáé áö� åôÝñïõ åßíáé äõíáôüí � ëüãù ôùí ìåãÜëùí ôéìþí ðïõ

åéóÜãïíôáé ãéá ôçí ðñïóïìïßùóç ôùí áêÜìðôùí ôìçìÜôùí �

íá ðñïêëçèïýí áñéèìçôéêÝò áóôÜèåéåò êáôÜ ôçí åðßëõóç.
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ÅîÜëëïõ, ç ðñïáíáöåñèåßóá äéáêñéôïðïßçóç ôçò óõíå÷ïýò

åëáóôéêÞò Ýäñáóçò áõîÜíåé, óå ü÷é áìåëçôÝï ðïóïóôü, ôïí

áðáéôïýìåíï áñéèìü êüìâùí êáé óôïé÷åßùí, êáé Üñá ôïí

÷ñüíï ðñïåðåîåñãáóßáò äåäïìÝíùí, åðßëõóçò åîéóþóåùí êáé

ìåôåðåîåñãáóßáò ôùí áðïôåëåóìÜôùí. 

Ôá ðáñáðÜíù ðñïâëÞìáôá áíôéìåôùðßæïíôáé ëõóéôåëþò

óôï ðëáßóéï ôçò ðáñïýóáò åñãáóßáò ìå ôç èåþñçóç åíüò

íÝïõ ðåðåñáóìÝíïõ óôïé÷åßïõ äïêïý, ôï ïðïßï áö� åíüò

åíóùìáôþíåé ôïõò åêáôÝñùèåí Üêáìðôïõò âñá÷ßïíåò êáé áö�

åôÝñïõ êÜíåé ÷ñÞóç ôùí áíáëõôéêþí ëýóåùí ôùí äéáöïñé-

êþí åîéóþóåùí ôçò åëáóôéêþò åäñáæïìÝíçò äïêïý. Ðñïêý-

ðôïõí Ýôóé áíáëõôéêþò áêñéâÞ ìçôñþá äõóêáìøßáò ðïõ

äßíïõí ôç äõíáôüôçôá ðñïóïìïßùóçò åíüò öáôíþìáôïò ìå

Ýíá ìüíï óôïé÷åßï äïêïý.

ã. ÐáñÜëëçëá ìå ôá ðáñáðÜíù ðñïâëÞìáôá ìðïñåß íá

èåùñçèåß áíáãêáßá ç èåþñçóç êáé ôùí äéáôìçôéêþí ðáñá-

ìïñöþóåùí ôùí äïêþí, áöïý ðïëëÝò óõíäåôÞñéåò äïêïß

Ý÷ïõí ó÷åôéêÜ ìåãÜëï ëüãï ýøïõò äéáôïìÞò ðñïò ôï ìÞêïò

ôïõò. ÅðïìÝíùò, ìðïñåß íá áðáéôçèåß ç ÷ñÞóç óôïé÷åßùí

âáóéóìÝíùí óôç äïêü Timoshenko êáé ü÷é óôçí êëáóéêÞ

äïêü Bernouli.

ä. Eðßóçò, ç áíÜëõóç êáôáóêåõþí áðü ÷Üëõâá åéóÜãåé

ïñéóìÝíá ðñïâëÞìáôá ðñïóïìïßùóçò ôùí êüìâùí óýíäåóçò

äïêþí êáé óôýëùí. ¸íá áðü áõôÜ ïöåßëåôáé óôï üôé ïé óõí-

äÝóåéò áõôÝò äåí åßíáé ðÜíôïôå ôåëåßùò Üêáìðôåò êáé åðïìÝ-

íùò èá ðñÝðåé íá ðñïóïìïéùèåß ìå éêáíïðïéçôéêü ôñüðï ç

åíäïóéìüôçôÜ ôïõò. Áõôü ìðïñåß íá ãßíåé êáôÜ ìßá ðñþôç

ðñïóÝããéóç, ðïõ óõ÷íÜ êñßíåôáé åðáñêÞò óôçí ðñÜîç, ìå

óôïé÷åßá, ôá ïðïßá Ý÷ïõí óôñïöéêÜ åëáóôéêÜ åëáôÞñéá óôá

Üêñá ôïõò. Áí ìÜëéóôá èåëÞóåé êáíåßò íá ëÜâåé õðüøç ôïõ

ôçí áêáìøßá ôùí ßäéùí ôùí êüìâùí, ôüôå èá ðñÝðåé íá Ý÷åé

óôç äéÜèåóÞ ôïõ Ýíá ðåðåñáóìÝíï óôïé÷åßï ìå Üêáìðôá ôìÞ-

ìáôá, ôùí ïðïßùí ôá Üêñá óõíäÝïíôáé ìå ôï åóùôåñéêü

(ðåðåñáóìÝíçò äõóêáìøßáò) ôìÞìá ôïõ óôïé÷åßïõ ìÝóù

óôñïöéêþí åëáôçñßùí (çìéÜêáìðôåò óõíäÝóåéò). Áîßæåé íá

óçìåéùèåß üôé áêüìá êáé óå åëáóôïðëáóôéêÝò áíáëýóåéò

åßíáé äõíáôü íá ÷ñçóéìïðïéçèïýí óôïé÷åßá ìå óôñïöéêÜ åëá-

ôÞñéá óôá Üêñá ôïõò, áí èåùñçèåß üôé ç áíåëáóôéêÞ óõìðå-

ñéöïñÜ ôùí óôïé÷åßùí óõãêåíôñþíåôáé óôéò óõíäÝóåéò ôïõò

êáé üôé ôá åëáôÞñéá áêïëïõèïýí ôïí êáôÜëëçëï áíåëáóôéêü

íüìï ñïðÞò � êáìðõëüôçôáò. Ìéá ôÝôïéá áíÜëõóç ìðïñåß íá

ðñáãìáôïðïéçèåß ìå ôç âïÞèåéá áëãïñßèìïõ, ï ïðïßïò ìåôá-

âÜëëåé ôéò äõóêáìøßåò ôùí óôñïöéêþí åëáôçñßùí óå êÜèå

áýîçóç ôçò öüñôéóçò [2].

Óôá ðáñáðÜíù åêôåèÝíôá ðñïâëÞìáôá á � ä Ý÷ïõí äïèåß

êáôÜ êáéñïýò ïñéóìÝíåò ëýóåéò, ðïõ üìùò áöïñïýí ü÷é óôï

óýíïëü ôïõò áëëÜ ìåìïíùìÝíùò ôï êÜèå Ýíá áðü áõôÜ.

¼óïí áöïñÜ óôéò äïêïýò åðß åëáóôéêïý õðïâÜèñïõ ôýðïõ

Winkler, õðÜñ÷åé ðëçèþñá äçìïóéåýóåùí ðÜíù óôç âÜóç

ôçò áêñéâïýò ëýóçò ôùí äéáöïñéêþí åîéóþóåùí ôïõ ðñïâëÞ-

ìáôïò. Îåêéíþíôáò áðü ôï êëáóéêü óýããñáììá ôïõ Hetenyi

[3], ðïëëÝò åñãáóßåò Ý÷ïõí äçìïóéåõôåß ìå èÝìá ôç äïêü

Bernouli åðß åëáóôéêïý åäÜöïõò åßôå óôï ðëáßóéï ôçò èåù-

ñßáò á´ ôÜîçò åßôå óôï ðëáßóéï ôçò èåùñßáò â´ ôÜîçò (âë. ð.÷.

[4] - [14]). Ãéá ôç äïêü Timoshenko åðß åëáóôéêïý åäÜöïõò

õðÜñ÷åé åðßóçò óåéñÜ åñãáóéþí ðïõ áíôéìåôùðßæïõí ôï ðñü-

âëçìá ôüóï ìå áêñéâåßò üóï êáé ìå ðñïóóåããéóôéêÝò ëýóåéò

(âë. ð.÷. [15] - [18]). Óå üëåò ôéò ðáñáðÜíù ðåñéðôþóåéò äåí

ãßíåôáé èåþñçóç ïýôå Üêáìðôùí âñá÷éüíùí ïýôå çìéÜêá-

ìðôùí óõíäÝóåùí.

Ôï ðñüâëçìá ôùí äïêþí ìå çìéÜêáìðôåò óõíäÝóåéò

áöïñÜ êõñßùò, áëëÜ ü÷é áðïêëåéóôéêÜ, óôçí áíÜëõóç ìåôáë-

ëéêþí êáôáóêåõþí (âë. ð.÷. [19] - [26]), óôéò ïðïßåò, üðùò

Ý÷åé áðïäåé÷èåß áðü óåéñÝò ó÷åôéêþí ðåéñáìÜôùí, óðáíéüôá-

ôá ïé óõíäÝóåéò óõìðåñéöÝñïíôáé ùò éäáíéêÝò ðáêôþóåéò (Þ

ùò éäáíéêÝò áñèñþóåéò) [23]. Ôï ðñüâëçìá ôçò êáôÜëëçëçò

ðñïóïìïßùóçò ôÝôïéùí óõíäÝóåùí Ý÷åé áíôéìåôùðéóôåß óôï

ðáñåëèüí áíåîÜñôçôá áðü ôõ÷üí óõíå÷Þ åëáóôéêÞ óôÞñéîç

ôùí äïêþí.

Ç åíóùìÜôùóç áêÜìðôùí âñá÷éüíùí óå ðåðåñáóìÝíá

óôïé÷åßá äïêþí Ý÷åé áðïôåëÝóåé áíôéêåßìåíï áñêåôþí åñãá-

óéþí (âë. ð.÷. [27]). ÔÝôïéïõ åßäïõò ðåðåñáóìÝíá óôïé÷åßá

åßíáé ìÜëéóôá åíóùìáôùìÝíá êáé óå ïñéóìÝíá ðñïãñÜììáôá

áíÜëõóçò êáôáóêåõþí (ð.÷. [28)]. Ôá óôïé÷åßá, üìùò, áõôÜ

áöïñïýí ðÜíôïôå óôçí áðëÞ êëáóéêÞ äïêü êáé ü÷é äïêïýò

åäñáæüìåíåò åðß åëáóôéêïý õðïâÜèñïõ.

Óôü÷ïò ôçò ðáñïýóáò åñãáóßáò åßíáé ç áíÜðôõîç åíüò

íÝïõ ãåíéêåõìÝíïõ óôïé÷åßïõ, ôï ïðïßï íá åíóùìáôþíåé üëåò

ôéò ðáñáðÜíù éäéüôçôåò êáé áðáéôÞóåéò. ÓõãêåêñéìÝíá, áíá-

ðôýóóïíôáé ôï ìçôñþï äõóêáìøßáò êáé ôá ìçôñþá öüñôéóçò

åíüò ðåðåñáóìÝíïõ óôïé÷åßïõ äïêïý ìå óõíå÷Þ åëáóôéêÞ

Ýäñáóç ôýðïõ Winkler êáé ìå äõíáôüôçôá åðéëåêôéêÞò èåþ-

ñçóçò äéáôìçôéêþí ðáñáìïñöþóåùí, çìéÜêáìðôùí óõíäÝ-

óåùí êáé áðïëýôùò óôåñåþí âñá÷éüíùí óôá Üêñá ôïõ. Ôá

ìçôñþá öüñôéóçò ðåñéëáìâÜíïõí ôï ïìïéüìïñöï öïñôßï q

êáèþò êáé ôç ìåôáâïëÞ èåñìïêñáóßáò Ät ìåôáîý ôçò Üíù êáé

êÜôù ßíáò ôçò äéáôïìÞò ôïõ óôïé÷åßïõ. Ôï íÝï áõôü óôïé÷åßï

÷áñáêôçñßæåôáé ùò ãåíéêåõìÝíï, åðåéäÞ åßôå ìçäåíßæïíôáò

êÜðïéïõò óõíôåëåóôÝò óôï ìçôñþï äõóêáìøßáò ôïõ åßôå ó÷ç-

ìáôßæïíôáò ôéò ïñéáêÝò ôéìÝò ôïõò ðñïêýðôïõí êáô� åðéëïãÞ

ôá åéäéêüôåñá ìçôñþá äõóêáìøßáò êáé öïñôßïõ: 

(á) ôçò êëáóéêÞò áðëÞò äïêïý Bernouli Þ Timoshenko, 

(â) ôçò êëáóéêÞò äïêïý ìå Üêáìðôïõò âñá÷ßïíåò óôï áñéóôå-

ñü Þ/êáé äåîéü Üêñï ôçò, 

(ã) ôçò åëáóôéêþò åäñáæüìåíçò äïêïý ìå Üêáìðôïõò Þ ÷ùñßò

Üêáìðôïõò âñá÷ßïíåò êáé

(ä) ôçò êëáóéêÞò äïêïý ìå Üêáìðôïõò âñá÷ßïíåò êáé çìéÜêá-

ìðôåò óõíäÝóåéò. 

Ïé äõíáôüôçôåò áõôÝò êáèéóôïýí ôï ãåíéêåõìÝíï áõôü

óôïé÷åßï éäéáßôåñá ÷ñÞóéìï óå ðñïãñÜììáôá Ç/Õ áíÜëõóçò
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êáôáóêåõþí, üðïõ ìå êáôÜëëçëïõò «äéáêüðôåò» ìðïñåß íá

ðáñÜãåôáé ôï åêÜóôïôå åðéèõìçôü óôïé÷åßï. Ç ÷ñçóéìüôçôá

ôïõ íÝïõ óôïé÷åßïõ êáôÜ ôçí åðßëõóç öïñÝùí áðü óêõñüäå-

ìá Þ ÷Üëõâá ôåêìçñéþíåôáé ìå ôçí ðáñÜèåóç äýï áñéèìçôé-

êþí ðáñáäåéãìÜôùí.

2. ÓÕÌÂÏËÉÓÌÏÉ

Å ÌÝôñï åëáóôéêüôçôáò 

G ÌÝôñï äéÜôìçóçò 

h ¾øïò ôçò äéáôïìÞò

É ÑïðÞ áäñÜíåéáò ôçò äéáôïìÞò

F ÅðéöÜíåéá ôçò äéáôïìÞò

F´ ÔåêìáñôÞ åðéöÜíåéá ïëßóèçóçò ôçò äéáôïìÞò

ç ÓõíôåëåóôÞò äéÜôìçóçò

ÊÖÁ ÓôáèåñÜ ôïõ áñéóôåñïý óôñïöéêïý åëáôçñßïõ

ÊÖÂ ÓôáèåñÜ ôïõ äåîéïý óôñïöéêïý åëáôçñßïõ

ÊS Äåßêôçò åäÜöïõò

L ÌÞêïò ôïõ ìåóáßïõ ôìÞìáôïò ôïõ óôïé÷åßïõ

ö Ãùíßá óôñïöÞò ôçò äéáôïìÞò ëüãù êÜìøçò 

ã Ãùíßá ïëßóèçóçò ôçò äéáôïìÞò

u ÅãêÜñóéá ìåôáôüðéóç

q Ïìïéüìïñöï öïñôßï 

Êij ÓõíôåëåóôÝò ôïõ ìçôñþïõ äõóêáìøßáò ôïõ ìåóáßïõ

ôìÞìáôïò óôïé÷åßïõ

Êï
ij ÓõíôåëåóôÝò ôïõ ìçôñþïõ äõóêáìøßáò üëïõ ôïõ

óôïé÷åßïõ

d1 ÌÞêïò áðïëýôùò óôåñåïý âñá÷ßïíá óôï áñéóôåñü

ôìÞìá ôïõ óôïé÷åßïõ

d2 ÌÞêïò áðïëýôùò óôåñåïý âñá÷ßïíá óôï äåîéü

ôìÞìá ôïõ óôïé÷åßïõ

Äö1 ¢ëìá ôçò êáìðôéêÞò ãùíßáò óôñïöÞò ôçò äéáôïìÞò

óôïí êüìâï 2 ëüãù ôçò çìéÜêáìðôçò óýíäåóçò

Äö2 ¢ëìá ôçò êáìðôéêÞò ãùíßáò óôñïöÞò ôçò äéáôïìÞò

óôïí êüìâï 3 ëüãù ôçò çìéÜêáìðôçò óýíäåóçò

Ät ÈåñìïêñáóéáêÞ ìåôáâïëÞ ìåôáîý Üíù êáé êÜôù

ßíáò ôïõ óôïé÷åßïõ

á ÓõíôåëåóôÞò èåñìéêÞò áãùãéìüôçôáò

bä ÐëÜôïò ôçò óõíäåôÞñéáò äïêïý

bð1 ÐëÜôïò ôïõ áñéóôåñïý ðåäßëïõ 

bð2 ÐëÜôïò ôïõ äåîéïý ðåäßëïõ

3. ÐÅÑÉÃÑÁÖÇ ÔÏÕ ÍÅÏÕ ÓÔÏÉ×ÅÉÏÕ

Ôï íÝï óôïé÷åßï äßíåôáé óôï ó÷Þìá 1ä. Ôï óôïé÷åßï áõôü

åßíáé Ýíá óôïé÷åßï äïêïý ðïõ áðïôåëåßôáé áðü 3 ôìÞìáôá: Ôï

ôìÞìá (1-2) ðïõ åßíáé áðïëýôùò óôåñåü (äçëáäÞ EF, EI,

GF´→∞), ôï ôìÞìá (2-3) ìå EI, GF´=ðåð. êáé EF→∞, êáé ôï

ôìÞìá (3-4) ðïõ åßíáé åðßóçò áðïëýôùò óôåñåü. Ç óýíäåóç

ôïõ ôìÞìáôïò (2-3) ìå ôá ôìÞìáôá (1-2) êáé (3-4) õëïðïéåß-

ôáé ìÝóù óôñïöéêþí åëáôçñßùí ìå åëáôçñéáêÝò óôáèåñÝò

ÊÖÁ, ÊÖÂ áíôéóôïß÷ùò.

Êáè� üëï ôï ìÞêïò ôïõ ôï óôïé÷åßï åäñÜæåôáé åðÜíù óå

åëáóôéêü õðüâáèñï ôýðïõ Winkler (åëáóôéêü õðüâáèñï ìéáò

ðáñáìÝôñïõ) ìå äåßêôç åäÜöïõò ÊS.

4. ÔÏ ÌÇÔÑÙÏ ÄÕÓÊÁÌØÉÁÓ

Ç áíÜðôõîç ôïõ íÝïõ ãåíéêïý ôýðïõ óôïé÷åßïõ ðñáãìáôï-

ðïéåßôáé óå äýï óôÜäéá. ÊáôÜ ôï ðñþôï óôÜäéï áíáðôýóóåôáé

ôï ìçôñþï äõóêáìøßáò ôïõ ìåóáßïõ ôìÞìáôïò ôïõ óôïé÷åßïõ,

ôï ïðïßï, óôï ðëáßóéï ôçò ðáñïýóáò åñãáóßáò, ëáìâÜíåôáé

áðü ôç âéâëéïãñáößá [11, 17]. ÊáôÜ ôï äåýôåñï óôÜäéï (ðïõ

åßíáé êáé ôï áíôéêåßìåíï ôçò ðáñïýóáò åñãáóßáò) êáôáóôñþ-

íïíôáé ïé ó÷Ýóåéò ðïõ óõíäÝïõí ôïõò óõíôåëåóôÝò ôïõ

ìçôñþïõ äõóêáìøßáò ôïõ ìåóáßïõ ôìÞìáôïò ìå ôá ìåãÝèç

ìåôáôüðéóçò ôùí Üêñùí ôïõ óôïé÷åßïõ. Ìå ôç âïÞèåéá ôùí

ó÷Ýóåùí áõôþí ëáìâÜíåôáé õðüøç áö� åíüò ç åðéññïÞ ôùí

óôñïöéêþí åëáôçñßùí êáé áö� åôÝñïõ ç åðéññïÞ ôùí áðïëý-

ôùò óôåñåþí êáé åðßóçò åëáóôéêþò åäñáæüìåíùí âñá÷éüíùí.

4.1. Ìåóáßï ôìÞìá

4.1.1. Äïêüò Bernouli

Ôï ìçôñþï äõóêáìøßáò äïêïý Bernouli åäñáæüìåíçò åðß

åëáóôéêïý õðïâÜèñïõ ôýðïõ Winkler áíáðôýóóåôáé ìå âÜóç

ôçí åðßëõóç ôçò äéáöïñéêÞò åîßóùóçò [3]:

(4.1)

Ç åðßëõóç ôçò åîßóùóçò áõôÞò ìðïñåß íá ãßíåé åßôå ìå ôç

âïÞèåéá ðñïóåããéóôéêþí ìåèüäùí (ð.÷. ìÝèïäïò ðåðåñáóìÝ-

íùí äéáöïñþí) åßôå áíáëõôéêÜ, ïðüôå ðñïêýðôåé êáé ç áíá-

ëõôéêþò áêñéâÞò ëýóç. Óôï ðëáßóéï ôçò ðáñïýóáò åñãáóßáò

èá ÷ñçóéìïðïéçèïýí ç áêñéâÞò ëýóç ôçò (4.1) êáé ôï áíôß-

óôïé÷ï áêñéâÝò ìçôñþï äõóêáìøßáò.

4.1.2. Äïêüò Timoshenko

Ôï ìçôñþï äõóêáìøßáò ôçò äïêïý Timoshenko åäñáæü-

ìåíçò åðß åëáóôéêïý õðïâÜèñïõ ôýðïõ Winkler áíáðôýóóå-

ôáé ìå âÜóç ôçí åðßëõóç ôùí äéáöïñéêþí åîéóþóåùí [17]:

(4.2á)

(4.2â)

(Óôéò ðáñáðÜíù åîéóþóåéò Ý÷åé ôåèåß: Ö=GF´).

¼ðùò êáé óôçí ðåñßðôùóç ôçò äïêïý Bernouli, Ýôóé êáé

óôçí ðáñïýóá ðåñßðôùóç õðÜñ÷åé óôç âéâëéïãñáößá ç ìåèï-
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äïëïãßá ôçò áíáëõôéêÞò åðßëõóçò ôùí åîéóþóåùí (4.2á,

4.2â) êáèþò êáé ôï áíôßóôïé÷ï áíáëõôéêþò áêñéâÝò ìçôñþï

äõóêáìøßáò [17, 18]. Óçìåéþíåôáé åäþ üôé ç ìïñöÞ ôçò áêñé-

âïýò áíáëõôéêÞò ëýóçò áëëÜæåé óå åîÜñôçóç áðü ôá ðåäßá

ôéìþí, ìÝóá óôá ïðïßá êéíïýíôáé ôá ìåãÝèç ÅÉ, ÊS, bä êáé Ö,

ëüãù ôïõ üôé áõôÜ åðçñåÜæïõí ôïõò óõíôåëåóôÝò ôùí äéáöï-

ñéêþí åîéóþóåùí (4.2á) êáé (4.2â) (âë. êáé ðáñÜãñ. 5.1.1.1.).

4.2. Èåþñçóç üëïõ ôïõ óôïé÷åßïõ 

¸÷ïíôáò ùò äåäïìÝíï ôï ìçôñþï äõóêáìøßáò ôïõ ìåóáßïõ

ôìÞìáôïò ôïõ óôïé÷åßïõ (åßôå áõôü áíáöÝñåôáé óå äïêü

Bernouli åßôå óå äïêü Timoshenko) îåêéíÜåé ôï äåýôåñï óôÜ-

äéï ôçò äéáäéêáóßáò áíÜðôõîçò ôïõ ìçôñþïõ äõóêáìøßáò ôïõ

ðñïôåéíüìåíïõ óôïé÷åßïõ. ÊáôÜ ôï óôÜäéï áõôü èá êáôá-

óôñùèïýí ïé ó÷Ýóåéò ðïõ óõíäÝïõí ôïõò óõíôåëåóôÝò ôïõ

ìçôñþïõ äõóêáìøßáò ôïõ ìåóáßïõ ôìÞìáôïò ìå ôá ìåãÝèç

ìåôáôüðéóçò ôùí Üêñùí ôïõ óôïé÷åßïõ. 

4.2.1. Ó÷Ýóåéò ìåôáêéíÞóåùí

Ïé ó÷Ýóåéò, ðïõ óõíäÝïõí ôéò ìåôáôïðßóåéò ôùí åîùôåñé-

êþí (áêñáßùí) êüìâùí 1 êáé 4 ôïõ óôïé÷åßïõ ìå ôéò áíôß-

óôïé÷åò ìåôáôïðßóåéò ôùí åóùôåñéêþí êüìâùí ôïõ 2 êáé 3,

åßíáé (ó÷Þìá 2):

u2 = u1 + ö1d1 (4.3)

ö2 = ö1 - Äö1 (4.4)

u3 = u4 - ö4d2 (4.5)
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Ó÷Þìá 1: á. Ìåôáëëéêü ðëáßóéï ìå öïñÝá èåìåëßùóçò áðü ïðëéóìÝíï óêõñüäåìá.

â. ÁðëïðïéçìÝíï ðñïóïìïßùìá ôïõ ìåôáëëéêïý æõãþìáôïò.

ã. ÁðëïðïéçìÝíï ðñïóïìïßùìá ôïõ öïñÝá èåìåëßùóçò.

ä. Ôï íÝï, ãåíéêïý ôýðïõ, ðåðåñáóìÝíï óôïé÷åßï äïêïý.

Figure 1: a. Steel frame on reinforced concrete foundation.

b. Simplified model of the steel girder.

c. Simplified foundation model.

d. The new generalized finite beam element.



ö3 = ö4 - Äö2 (4.6)

Ãéá ôçí ðåñßðôùóç ôçò äïêïý Timoshenko ðñÝðåé íá

ôïíéóôåß ôï åîÞò: Åíþ óôï ìåóáßï ôìÞìá ôïõ óôïé÷åßïõ, åîáé-

ôßáò ôçò åðéññïÞò ôùí äéáôìçôéêþí ðáñáìïñöþóåùí, ç

êëßóç ôçò åëáóôéêÞò ãñáììÞò du/dx äåí ôáõôßæåôáé ìå ôçí

êáìðôéêÞ óôñïöÞ ôùí äéáôïìþí ö (âë. ó÷Þìá 3), óôá áðï-

ëýôùò óôåñåÜ áêñáßá ôìÞìáôá ôïõ óôïé÷åßïõ ôá äýï áõôÜ

ìåãÝèç ôáõôßæïíôáé: du/dx≡ö. Ùóôüóï, ùò âáèìüò åëåõèå-

ñßáò ëáìâÜíåôáé åäþ ç êáìðôéêÞ óôñïöÞ ôùí äéáôïìþí. Ç

åðéëïãÞ áõôÞ äåí Ý÷åé ïõóéáóôéêü ÷áñáêôÞñá êáé ãßíåôáé,

åðåéäÞ ôï ìçôñþï äõóêáìøßáò ôçò äïêïý Timoshenko áíá-
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Ó÷Þìá 2: Ç ðáñáìïñöùìÝíç êáôÜóôáóç ôïõ óôïé÷åßïõ. Äïêüò

Bernouli.

Figure 2: Deformed configuration of the element. Bernouli beam.

Ó÷Þìá 3: ËåðôïìÝñåéá ôïõ êüìâïõ óýíäåóçò ôïõ ìåóáßïõ ôìÞìáôïò

ìå ôïí áðïëýôùò óôåñåü âñá÷ßïíá óôçí ðåñßðôùóç ôçò äïêïý Timo-

shenko.

Figure 3: Detail of the connection joint between the middle part of

the beam and the rigid offset in case of a Timoshenko beam.

ðôýóóåôáé êáôÜ êáíüíá ìå èåþñçóç ùò âáèìþí åëåõèåñßáò

ôùí êáìðôéêþí óôñïöþí ôùí äéáôïìþí êáé ü÷é ôçò êëßóçò

ôçò åëáóôéêÞò ãñáììÞò [17]. Óçìåéþíåôáé, åðßóçò, üôé ôá

ìåãÝèç Äö1, Äö2 ïöåßëïíôáé óôï ãüíáôï ðïõ åìöáíßæåé ôï

äéÜãñáììá ôùí êáìðôéêþí ãùíéþí óôñïöÞò ôùí äéáôïìþí

óôïõò êüìâïõò 2 êáé 3 åîáéôßáò ôçò ýðáñîçò åêåß ôùí óôñï-

öéêþí åëáôçñßùí.

Ïé ó÷Ýóåéò (4.3) - (4.6) ìðïñïýí íá ãñáöïýí óå ìçôñùé-

êÞ ìïñöÞ ùò åîÞò:

(4.7)

Ãéá ôá ìåãÝèç Äö1, Äö2, ðïõ áíáöÝñïíôáé óôá óôñïöéêÜ

åëáôÞñéá, éó÷ýïõí ïé ó÷Ýóåéò:

(4.8)

4.2.2. Ó÷Ýóåéò ôùí åíôáôéêþí ìåãåèþí

Ïé ó÷Ýóåéò, ðïõ óõíäÝïõí ôá åíôáôéêÜ ìåãÝèç ôùí êüì-

âùí 1 êáé 4 ìå ôá ìåãÝèç ôùí åóùôåñéêþí êüìâùí 2 êáé 3

áíôßóôïé÷á, åßíáé (ó÷Þìá 4): 

V1 = V2 + (1/2)(KSbð1)(2u1 + ö1d1
)d1 (4.9)

Ì1 = Ì2 + V2d1 + (1/6)(KSbð1)(3u1 + 2ö1d1)d1
2 (4.10)

V4 = V3 + (1/2)(KSbð2)(2u4 - ö4d2)d2 (4.11)

Ì4 = Ì3
- V3d2

- (1/6)(KSbð2)(3u4 - 2ö4d2
)d2

2 (4.12)

Ïé ðáñáðÜíù ó÷Ýóåéò ìðïñïýí íá áðïäïèïýí óå ìçôñù-

éêÞ ìïñöÞ üðùò óôç ó÷Ýóç 4.13.

4.2.3. Ó÷Ýóåéò ìåãåèþí Ýíôáóçò êáé ìåãåèþí ìåôáêßíçóçò

Åöáñìüæïíôáò ôçí êëáóéêÞ ó÷Ýóç ôçò ìçôñùéêÞò óôáôé-

êÞò S=K*U ãéá üëï ôï óôïé÷åßï (ôïõ ïðïßïõ ôï ìçôñþï

äõóêáìøßáò ðñüêåéôáé íá áíáðôõ÷èåß) êáèþò êáé ãéá ôï

ìåóáßï ôìÞìá ÷ùñßò ôá óôñïöéêÜ åëáôÞñéá óôá Üêñá (ôïõ

ïðïßïõ ôï ìçôñþï äõóêáìøßáò åßíáé ãíùóôü áðü ôç âéâëéï-

ãñáößá), Ý÷ïõìå (ó÷Ýóåéò 4.14á, 4.14â):
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(4.14á)

(4.14â)

4.2.4. ÁíÜðôõîç ôïõ ìçôñþïõ äõóêáìøßáò

Ç áíÜðôõîç ôïõ ìçôñþïõ äõóêáìøßáò èá ãßíåé ìå åöáñ-

ìïãÞ ôùí ó÷Ýóåùí (4.3) - (4.14) ãéá êÜèå ìßá áðü ôéò ôÝóóå-

ñéò «ìïíáäéáßåò» êáôáíáãêáóìÝíåò ìåôáêéíÞóåéò ôùí Üêñùí

ôïõ (ó÷Þìá 5):

ÐáñáêÜôù ðáñïõóéÜæåôáé åíäåéêôéêÜ ï õðïëïãéóìüò ãéá

ôç ìïíáäéáßá êáôÜóôáóç (Ä), ï ïðïßïò ïäçãåß óôïí ðñïóäéï-

ñéóìü ôùí óôïé÷åßùí Êi4
ï (i=1 � 4) ôïõ ìçôñþïõ äõóêáì-

øßáò.

Áðü ôéò ó÷Ýóåéò ôùí åíôáôéêþí ìåãåèþí ðñïêýðôïõí:

(4.9) ⇒⇒ V1 = V2 (4.15)

(4.10) ⇒⇒ Ì1 = Ì2 + V2d1 (4.16)

(4.11) ⇒⇒ V4 = V3 + (KSbð2)d2 (4.17)

(4.12) ⇒⇒ Ì4 = Ì3 - V3d2 - (1/2)(KSbð2)d2
2 (4.18)

åíþ áðü ôéò ó÷Ýóåéò ôùí ìåôáêéíÞóåùí (4.7) êáé (4.8) ðñï-

êýðôåé:

(4.19)
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Ó÷Þìá 4: Ó÷Ýóåéò åíôáôéêþí ìåãåèþí ôùí åóùôåñéêþí êüìâùí ôïõ óôïé÷åßïõ ìå ôá áíôßóôïé÷á ìåãÝèç ôùí åîùôåñéêþí êüìâùí.

Figure 4: Relationships between the forces at the internal joints and the element end forces.

Ó÷Þìá 5: Ïé ôÝóóåñéò ìïíáäéáßåò êáôáóôÜóåéò.

Figure 5: The four unit displacements.

Áêïëïýèùò ãßíåôáé óõíäõáóìüò ôùí ó÷Ýóåùí (4.14á)

êáé (4.19), ï ïðïßïò ïäçãåß óôïí õðïëïãéóìü ôùí åíôáôéêþí

ìåãåèþí óôïõò êüìâïõò 2 êáé 3 ôïõ ìåóáßïõ ôìÞìáôïò ôïõ

óôïé÷åßïõ, ëáìâÜíïíôáò õðüøç ôçí ýðáñîç ôùí óôñïöéêþí

åëáôçñßùí óôïõò êüìâïõò áõôïýò. Ôá åíôáôéêÜ áõôÜ ìåãÝèç

ðñïêýðôïõí ùò óõíÜñôçóç ôùí óõíôåëåóôþí Êij ôïõ ìçôñþïõ

äõóêáìøßáò ôïõ ìåóáßïõ ôìÞìáôïò ÷ùñßò óôñïöéêÜ åëáôÞ-

ñéá óôá Üêñá ôïõ, ôï ïðïßï, üðùò áíáöÝñèçêå êáé ðéï ðÜíù,

åßíáé ãíùóôü. Ìå âÜóç ôá ðáñáðÜíù ðñïêýðôïõí ïé áêü-

ëïõèåò åîéóþóåéò:
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Ìå ôç ëýóç ôïõ óõóôÞìáôïò ôùí äýï åîéóþóåùí (4.20)

êáé (4.22) õðïëïãßæïíôáé ïé ñïðÝò Ì2, Ì3:

Ì2 = DM2 / D (4.24)

M3 = DM3 / D (4.25)

üðïõ:

(4.26)

(4.27)

(4.28)

ÌåôÜ ôïí õðïëïãéóìü ôùí ñïðþí M2 êáé Ì3 õðïëïãßæï-

íôáé êáé ïé ôÝìíïõóåò V2 êáé V3 ìå ÷ñÞóç ôùí ó÷Ýóåùí

(4.21) êáé (4.23) áíôßóôïé÷á êáé ìå ôç âïÞèåéá ôùí (4.24) �

(4.28):

(4.29)

(4.30)

ÔÝëïò, áêïëïõèåß ï õðïëïãéóìüò ôùí åíôáôéêþí ìåãåèþí

Ì1, Ì4, V1, V4 óõíáñôÞóåé ôùí Ì2, Ì3, V2, V3 ìå ôç âïÞ-

èåéá ôùí ó÷Ýóåùí (4.15) � (4.18) êáé (4.24) � (4.30). ÐáñÜë-

ëçëá, áðü ôç ìçôñùéêÞ ó÷Ýóç (4.14â) ðñïêýðôåé: 

(4.31)

Ìå âÜóç ôá ðáñáðÜíù ðñïêýðôïõí ïé óõíôåëåóôÝò ôïõ

ìçôñþïõ äõóêáìøßáò ôïõ ðñïôåéíüìåíïõ íÝïõ óôïé÷åßïõ, ïé

ïðïßïé äßíïíôáé áíáëõôéêÜ óôï ÐáñÜñôçìá.

5. ÌÇÔÑÙÁ ÖÏÑÔÉÓÇÓ 

Ïé ðåñéðôþóåéò, ãéá ôéò ïðïßåò èá áíáðôõ÷èïýí ôá

ìçôñþá öüñôéóçò, åßíáé ïé áêüëïõèåò:
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Ó÷Þìá 6: (á) Ïìïéüìïñöç öüñôéóç q.

(â) Áíïìïéüìïñöç ìåôáâïëÞ èåñìïêñáóßáò Ät.

Figure 6: (a) Uniform load q.

(b) Nonuniform temperature variation Ät.

• Ïìïéüìïñöï öïñôßï q (ó÷Þìá 6á).

• Áíïìïéüìïñöç ìåôáâïëÞ ôçò èåñìïêñáóßáò Ät ôçò Üíù

êáé êÜôù ßíáò ôçò äéáôïìÞò (ó÷Þìá 6â).

ÅðåéäÞ ãéá ôéò ðáñáðÜíù ðåñéðôþóåéò öüñôéóçò óôïé-

÷åßùí äïêïý Timoshenko åäñáæïìÝíùí åðß åëáóôéêïý õðï-

âÜèñïõ ôýðïõ Winkler ìå óôñïöéêÜ åëáôÞñéá óôá Üêñá äåí

õößóôáíôáé óôç äéåèíÞ âéâëéïãñáößá ôá áíôßóôïé÷á ìçôñþá

öüñôéóçò, ç áíÜðôõîÞ ôïõò èá ðáñïõóéáóôåß áêïëïýèùò

áíáëõôéêÜ. Óå äåýôåñï óôÜäéï èá áíáðôõ÷èïýí ôá áíôßóôïé-

÷á ìçôñþá öüñôéóçò ãéá ôç äïêü Bernouli, ôá ïðïßá èá ðñï-

êýøïõí áðü ôá ìçôñþá äïêïý Timoshenko ìå êáôÜëëçëåò

ôñïðïðïéÞóåéò. 

5.1. Ïìïéüìïñöï öïñôßï q

5.1.1. Ìåóáßï ôìÞìá ôïõ óôïé÷åßïõ

5.1.1.1. Äïêüò Timoshenko

Ôï ìçôñþï öüñôéóçò äïêïý Timoshenko åäñáæüìåíçò åðß

åëáóôéêïý õðïâÜèñïõ Winkler õðïëïãßæåôáé áðü ôçí åðßëõ-

óç ôùí äéáöïñéêþí åîßóùóåùí [17]:

(5.1)

(5.2)

¼ðùò Þäç óçìåéþèçêå óôï ôÝëïò ôçò ðáñáãñÜöïõ 4.1.,

ïé áíáëõôéêÝò ëýóåéò ôùí åîéóþóåùí áõôþí (üðùò êáé ôùí

ïìïãåíþí ôïõò (4.2á), (4.2â)) åîáñôþíôáé áðü ôéò ôéìÝò ðïõ

ìðïñïýí íá ëÜâïõí ôá ìåãÝèç ÅÉ, ÊS, bä êáé Ö. ¸ôóé ð.÷. ãéá

ðïëý ìåãÜëåò ôéìÝò ôïõ ÊS áëëÜæåé ôï ðñüóçìï ôùí äéáêñé-

íïõóþí ôùí ÷áñáêôçñéóôéêþí åîéóþóåùí ðïõ ðñïêýðôïõí

áðü ôéò ðáñáðÜíù äéáöïñéêÝò åîéóþóåéò. Ãéá óõíäõáóìïýò

ôéìþí ôùí ìåãåèþí áõôþí ðïõ óõíáíôþíôáé óõíÞèùò óå

ðñáêôéêÝò åöáñìïãÝò ïé ëýóåéò åßíáé:

(5.3)

(5.4)

üðïõ:

Ëüãù ôçò ýðáñîçò ôùí óôñïöéêþí åëáôçñßùí óôá Üêñá

ôïõ ìåóáßïõ ôìÞìáôïò ôïõ óôïé÷åßïõ êáé ôùí áðïëýôùò óôå-

ñåþí âñá÷éüíùí åêáôÝñùèåí, ïé óõíïñéáêÝò óõíèÞêåò åßíáé:
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x = x2 : ö2 = Ì2 / ÊÖÁ u2 = 0 (5.5á,â)

x = x3 : ö3 = M3 / KÖÂ u3 = 0 (5.6á,â)

Ïé ñïðÝò êÜìøçò Ì2, Ì3 õðïëïãßæïíôáé âÜóåé ôçò ãíù-

óôÞò ó÷Ýóçò ôçò áíôï÷Þò õëéêþí:

(5.7)

Áðü ôéò åîéóþóåéò (5.3) êáé (5.4) êáèßóôáôáé óáöÝò üôé

ãéá ôçí áíÜðôõîç ôïõ ìçôñþïõ öüñôéóçò áðáéôåßôáé ï ðñïó-

äéïñéóìüò 8 óôáèåñþí ïëïêëÞñùóçò (ôùí C1´ � C4´ êáé ôùí

C1 � C4). Ðñïò ôïýôï ÷ñçóéìïðïéïýíôáé áö� åíüò ïé 4 óõíï-

ñéáêÝò óõíèÞêåò êáé áö� åôÝñïõ ç ó÷Ýóç ìåôáîý ôùí ìåãå-

èþí ö êáé u, ç ïðïßá ïäçãåß óå åêöñÜóåéò ôùí C1´ � C4´

óõíáñôÞóåé ôùí C1 � C4. Ç ó÷Ýóç áõôÞ åßíáé [17]:

(5.8)

Ìå âÜóç ôçí (5.8) êáé ôéò (5.3), (5.4), ðñïêýðôïõí äýï

óõóôÞìáôá åîéóþóåùí ìå áãíþóôïõò ôéò óôáèåñÝò C1´�C4´.

Ç åðßëõóç ôùí äýï áõôþí óõóôçìÜôùí åîéóþóåùí äßíåé:

(5.9)

(5.10)

(5.11)

(5.12)

üðïõ:

Ìå âÜóç ôéò 4 óõíïñéáêÝò óõíèÞêåò (5.5á,â) êáé

(5.6á,â), ôéò åêöñÜóåéò ôùí ìåãåèþí ìåôáêßíçóçò (5.3) êáé

(5.4), êáé ëáìâÜíïíôáò õðüøç ôéò ó÷Ýóåéò (5.9) � (5.12) ðñï-

êýðôåé Ýíá ãñáììéêü óýóôçìá ôåóóÜñùí åîéóþóåùí, áðü ôï

ïðïßï õðïëïãßæïíôáé ïé óôáèåñÝò C1 � C4. Ôï óýóôçìá áõôü

Ý÷åé ôç ìïñöÞ:

FQ * CQ = VQ (5.13)

üðïõ FQ åßíáé ôï äéáóôÜóåùí 4x4 ìçôñþï ôùí óõíôåëåóôþí

ôùí áãíþóôùí ôïõ óõóôÞìáôïò, ôï CQ åßíáé ôï äéÜíõóìá

4x1 ôùí áãíþóôùí C1 � C4 êáé ôï VQ åßíáé ôï äéÜíõóìá 4x1

ôùí óôáèåñþí üñùí ôïõ óõóôÞìáôïò.

ÔÝëïò, áðü ôéò ó÷Ýóåéò (5.4) êáé (5.7), êáé Ý÷ïíôáò ðñïç-

ãïõìÝíùò õðïëïãßóåé ôéò óôáèåñÝò C1 � C4 (êáé åðïìÝíùò êáé

ôéò óôáèåñÝò C´1 � C´4 áðü ôéò ó÷Ýóåéò (5.9) � (5.12)) êáôá-

ëÞãåé êáíåßò óôïí õðïëïãéóìü ôùí ñïðþí êÜìøçò óôá Üêñá

ôïõ óôïé÷åßïõ:

(5.14)

üðïõ:

n = sin(QL), n´ = cos(QL), m = sinh(RL), m´ = cosh(RL).

Ç ôéìÞ ôçò ñïðÞò M3 äßíåôáé áðü ôçí åîßóùóç (5.14) ìå

åíáëëáãÞ, üìùò, ôïõ ÊÖÂ ìå ôï ÊÖÁ êáé áíôéóôñüöùò.

Ïé ôÝìíïõóåò äõíÜìåéò ðñïêýðôïõí ìå ôçí ßäéá äéáäéêá-

óßá, ìå âÜóç ôç ãíùóôÞ ó÷Ýóç:

(5.15)

Ìå áíÜëïãïõò õðïëïãéóìïýò êáôáëÞãåé êáíåßò óôç

ó÷Ýóç:

(5.16)

üðïõ:

(5.17)

(5.18)

(5.19)

(5.20)

Ç ôéìÞ ôçò ôÝìíïõóáò V3 ðñïêýðôåé áðü ôçí ôéìÞ ôçò V2

ìå áìïéâáßá åíáëëáãÞ ôïõ ÊÖÂ ìå ôï ÊÖÁ êáé áíôéóôñüöùò.

ÔÝëïò, ôï DQ äßíåôáé áðü ôç ó÷Ýóç:

5.1.1.2. Äïêüò Bernouli

Ôï ìçôñþï öüñôéóçò ãéá ôç äïêü Bernouli ðñïêýðôåé ùò

õðïðåñßðôùóç ôïõ ìçôñþïõ ôçò äïêïý Timoshenko ìå ôï

áêüëïõèï óêåðôéêü: Ç äéáöïñÜ ìåôáîý ôçò èåùñßáò Bernouli

êáé ôçò èåùñßáò Timoshenko Ýãêåéôáé óôï üôé ç ðñþôç âáóß-

æåôáé óôçí ðáñáäï÷Þ üôé ïé äéáôìçôéêÝò ðáñáìïñöþóåéò ôùí

äïêþí åßíáé áìåëçôÝåò êáé äåí åðçñåÜæïõí ôç ìç÷áíéêÞ
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óõìðåñéöïñÜ ôïõò. Ç ðáñáäï÷Þ áõôÞ äåí ïäçãåß óå áîéüëï-

ãåò áðïêëßóåéò áðü ôçí ðñáãìáôéêüôçôá, åöüóïí ôï ýøïò ôçò

äéáôïìÞò ôçò äïêïý äåí õðåñâáßíåé ôï 1/4 ôïõ ìÞêïõò ôçò. Óå

åðßðåäï ìáèçìáôéêÞò äéáôýðùóçò ôùí åîéóþóåùí ðïõ

åêöñÜæïõí ôéò äýï èåùñßåò, ç äéáöïñÜ áõôÞ ìåôáöñÜæåôáé

óôï üôé ãéá ôéò äïêïýò Timoshenko ç äõóôìçóßá GF´ Ý÷åé

ðåðåñáóìÝíç ôéìÞ, åíþ ãéá ôéò äïêïýò Bernouli ôåßíåé óôï

Üðåéñï. Ìå âÜóç áõôÞí ôçí ðáñáôÞñçóç ìðïñåß íá ðáñá÷èåß

ôï ìçôñþï öüñôéóçò ôçò äïêïý Bernouli áðü ôéò åîéóþóåéò

ôçò äïêïý Timoshenko. Ïé æçôïýìåíåò ó÷Ýóåéò ðñïêýðôïõí

ùò ïñéáêÝò ðåñéðôþóåéò ãéá GF´→∞:

(5.21)

(5.22)

Óõíåðþò, åßíáé äõíáôüí íá áíôéêáôáóôáèïýí ïé äýï

ðáñÜìåôñïé R, Q áðü ôç íÝá ðáñÜìåôñï .

Ìå âÜóç ôá ðáñáðÜíù ðñïêýðôïõí ïé áêüëïõèåò éóüôçôåò:

ÅðïìÝíùò, áðü ôç ó÷Ýóç (5.14) õðïëïãßæåôáé:

(5.23)

Ç ôéìÞ ôçò ñïðÞò M3 ðñïêýðôåé áðü ôçí ôéìÞ ôçò Ì2 ìå

åíáëëáãÞ ôïõ ÊÖÂ ìå ôï ÊÖÁ êáé áíôßóôñïöá. ÔÝëïò, ïé

(5.16) � (5.20) äßíïõí:

(5.24)

üðïõ:

(5.25)

(5.26)

(5.27)

(5.28)

Ç Ýêöñáóç ôçò ôÝìíïõóáò V3 ðñïêýðôåé áðü ôçí Ýêöñá-

óç ôçò V2 ìå áìïéâáßá åíáëëáãÞ ôïõ ÊÖÂ ìå ôï ÊÖÁ êáé

áíôßóôñïöá. Ôï DQ äßíåôáé áðü ôç ó÷Ýóç:
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Ó÷Þìá 7: ÓõíèÞêåò éóïññïðßáò ôùí áðïëýôùò óôåñåþí âñá÷éüíùí.

Figure 7: Equilibrium of rigid offsets.

5.1.2. Ìåôáâßâáóç ôùí ìåãåèþí óôá Üêñá ôïõ óôïé÷åßïõ

Ôá áðïëýôùò óôåñåÜ ôìÞìáôá öïñôßæïíôáé êáé áõôÜ ìå

ïìïéüìïñöï öïñôßï q. Ìå âÜóç ëïéðüí ôéò óõíèÞêåò éóïñ-

ñïðßáò ôùí ôìçìÜôùí áõôþí (ó÷Þìá 7) ðñïêýðôïõí ïé ðáñá-

êÜôù ó÷Ýóåéò :

(5.29)

(5.30)

(5.31)

(5.32)

5.2. Áíïìïéüìïñöç ìåôáâïëÞ èåñìïêñáóßáò Ät

5.2.1. Ìåóáßï ôìÞìá 

5.2.1.1. Äïêüò Timoshenko

Óôçí ðåñßðôùóç ðïõ ç äïêüò õðüêåéôáé óå áíïìïéüìïñ-

öç ìåôáâïëÞ èåñìïêñáóßáò Ät, éó÷ýïõí ïé åîéóþóåéò (4.2á)

êáé (4.2â). ÅðåéäÞ üìùò ç áíïìïéüìïñöç ìåôáâïëÞ èåñìï-

êñáóßáò Ät åßíáé êáôáíáãêáóìüò, ç ó÷Ýóç, ðïõ äßíåé ôéò

êáìðôéêÝò ñïðÝò, åßíáé:

(5.33)

Ïé áíáëõôéêÝò ëýóåéò ôùí åîéóþóåùí (4.2á), (4.2â) äßíï-

íôáé áðü ôéò åîéóþóåéò (5.3), (5.4), ìå ôçí åðéóÞìáíóç üôé

óôçí (5.3) èá ðñÝðåé íá ôåèåß q=0. Ìå ôçí ßäéá äéáäéêáóßá,

üðùò êáé ðñïçãïõìÝíùò, ðñïêýðôåé ç ó÷Ýóç:

Ç ôéìÞ ôçò ñïðÞò M3 õðïëïãßæåôáé áðü ôçí ôéìÞ ôçò Ì2

ìå åíáëëáãÞ ôïõ ÊÖÂ ìå ôï ÊÖÁ êáé áíôéóôñüöùò. Ãéá ôéò

ôÝìíïõóåò äõíÜìåéò éó÷ýïõí:

üðïõ:
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Ç ôéìÞ ôçò ôÝìíïõóáò V3 ðñïêýðôåé áðü ôçí ôéìÞ ôçò V2

ìå áìïéâáßá åíáëëáãÞ ôïõ ÊÖÂ ìå ôï ÊÖÁ êáé áíôéóôñüöùò.

ÔÝëïò, óçìåéþíåôáé üôé DÄt=DQ.

5.2.1.2. Äïêüò Bernouli

ËáìâÜíïíôáò õðüøç ôéò ó÷Ýóåéò (5.21), (5.22) êáé ôéò éóü-

ôçôåò , êáé ôçñþíôáò ôç äéáäé-

êáóßá ðïõ áêïëïõèÞèçêå ðñïçãïõìÝíùò, óõíÜãåôáé:

Ç ôéìÞ ôçò ñïðÞò M3 ðñïêýðôåé áðü ôçí ôéìÞ ôçò Ì2 ìå

åíáëëáãÞ ôïõ ÊÖÂ ìå ôï ÊÖÁ êáé áíôéóôñüöùò: 

Ç ôéìÞ ôçò ôÝìíïõóáò V3 ðñïêýðôåé áðü ôçí ôéìÞ ôçò V2

ìå áìïéâáßá åíáëëáãÞ ôïõ ÊÖÂ ìå ôï ÊÖÁ êáé áíôéóôñüöùò.

ÔÝëïò, óçìåéþíåôáé üôé DÄt=DQ.

5.2.3. Ìåôáâßâáóç ôùí ìåãåèþí óôá Üêñá ôïõ óôïé÷åßïõ

Éó÷ýïõí ïé ó÷Ýóåéò (5.29) � (5.32), ìå ôç äéáöïñÜ üôé ðñÝ-

ðåé óå áõôÝò íá ôåèåß q=0.

6. ÁÑÉÈÌÇÔÉÊÁ ÐÁÑÁÄÅÉÃÌÁÔÁ

ÐñïêåéìÝíïõ íá êáôáóôåß óáöÞò ç ÷ñçóéìüôçôá ôüóï

ôùí áíáðôõ÷èÝíôùí ìçôñþùí äõóêáìøßáò üóï êáé ôùí

ìçôñþùí öüñôéóçò, ðáñáôßèåíôáé áêïëïýèùò áðïôåëÝóìáôá

êáé óõãêñßóåéò áðü ôçí åðßëõóç åíüò ðëáéóßïõ ïðëéóìÝíïõ

óêõñïäÝìáôïò êáé åíüò ìåôáëëéêïý ðëáéóßïõ. Ãéá ôçí åðßëõ-

óç ôùí ðëáéóßùí áõôþí ìå ÷ñÞóç ôïõ ðñïôåéíüìåíïõ íÝïõ

ðåðåñáóìÝíïõ óôïé÷åßïõ óõíôÜ÷èçêå ðñüãñáììá óå ãëþóóá

QBASIC. Ãéá ôç óýãêñéóç ôùí áðïôåëåóìÜôùí âÜóåé ôïõ

íÝïõ óôïé÷åßïõ ìå áðïôåëÝóìáôá áðü ÷ñÞóç óõìâáôéêþí

óôïé÷åßùí, ôá ßäéá ðëáßóéá åðéëýèçêáí ãéá ìéá óåéñÜ äéáöï-

ñåôéêþí äéáêñéôïðïéÞóåùí ìå ôç âïÞèåéá ôïõ ãíùóôïý ðñï-

ãñÜììáôïò SAP90 [28].

6.1. ÐáñÜäåéãìá 1

Óôï ðáñÜäåéãìá áõôü åðéëýåôáé ôï ðëáßóéï ïðëéóìÝíïõ

óêõñïäÝìáôïò ôïõ ó÷Þìáôïò 8 ìå ÷ñÞóç ôïõ ðñïôåéíüìåíïõ

íÝïõ ðåðåñáóìÝíïõ óôïé÷åßïõ ÷ùñßò ôçí ýðáñîç ôùí çìéÜ-

êáìðôùí óõíäÝóåùí. Óôü÷ïò ôïõ ðáñáäåßãìáôïò åßíáé íá

êáôáäåßîåé ôçí õðåñï÷Þ ôïõ ðñïôåéíüìåíïõ (áíáëõôéêþò

áêñéâïýò) óôïé÷åßïõ üóïí áöïñÜ óôçí ðñïóïìïßùóç ôïõ

öïñÝá èåìåëßùóçò Ýíáíôé ôùí óõìâáôéêþí ðñïóïìïéþóåùí

ôïõ öïñÝá èåìåëßùóçò ìå ðåñéóóüôåñá áðëÜ óôïé÷åßá

äïêþí, óôïõò êüìâïõò ôùí ïðïßùí ôïðïèåôïýíôáé ìåìïíù-

ìÝíá êáôáêüñõöá åëáôÞñéá ðïõ õðïêáèéóôïýí ôï óõíå÷Ýò

åëáóôéêü õðüâáèñï. 

Ãéá ôï óêïðü áõôü åðéëýèçêáí ìå ôï ðñüãñáììá SAP90

ôÝóóåñá äéáöïñåôéêÜ óõìâáôéêÜ ìïíôÝëá ôïõ öïñÝá èåìå-

ëßùóçò ðïõ äéáöÝñïõí ìåôáîý ôïõò ùò ðñïò ôçí ðõêíüôçôá

äéáêñéôïðïßçóçò ôçò óõíäåôÞñéáò äïêïý. Ôá áðïôåëÝóìáôá

ôùí ìïíôÝëùí áõôþí óõãêñßèçêáí ìå ôá áðïôåëÝóìáôá ðïõ

Ýäùóå ç åðßëõóç ìå ôï íÝï óôïé÷åßï.

6.1.1. Óõãêñßóåéò ìåãåèþí ìåôáêßíçóçò

Óôï ó÷Þìá 10 äßíïíôáé ïé áðïêëßóåéò ôùí ìåãåèþí ìåôá-

êßíçóçò ôùí êüìâùí 1 Ýùò 4 (ó÷Þìá 9) ôùí ôåóóÜñùí ìïíôÝ-

ëùí áðü ôá áíôßóôïé÷á ìåãÝèç ðïõ Ýäùóå ç åðßëõóç ìå ôï

íÝï óôïé÷åßï. Áðü ôï ó÷Þìá áõôü ðñïêýðôåé ôï óõìðÝñáóìá

üôé ç ðñïóïìïßùóç ìå 3 óôïé÷åßá áðïôõã÷Üíåé íá ðñïóåããß-

óåé éêáíïðïéçôéêÜ ôéò óôñïöÝò ôùí êüìâùí 3 êáé 4 (áêñáßïé

êüìâïé ôçò óõíäåôÞñéáò äïêïý) êáé üôé, ãéá íá åðéôåõ÷èåß

éêáíïðïéçôéêÞ áêñßâåéá óôçí ðñïóÝããéóç üëùí ôùí ìåãåèþí

ìåôáêßíçóçò, áðáéôåßôáé ç äéáêñéôïðïßçóç ôçò óõíäåôÞñéáò

äïêïý ìå ôïõëÜ÷éóôïí 5 óôïé÷åßá. 

6.1.2. Óõãêñßóåéò ìåãåèþí Ýíôáóçò

Óôï ó÷Þìá 11 êáé óôï ó÷Þìá 12 ðáñïõóéÜæïíôáé ïé áðï-

êëßóåéò ôùí ñïðþí êáé ôùí ôåìíïõóþí áíôßóôïé÷á óôïõò

êüìâïõò 1 êáé 4. Ç åðéëïãÞ ôùí êüìâùí áõôþí Ýãéíå, ü÷é

ìüíï äéüôé ïé êüìâïé áõôïß åßíáé êüìâïé ôïõ öïñÝá èåìåëßù-

óçò, áëëÜ êáé äéüôé óôïõò êüìâïõò áõôïýò åìöáíßóôçêáí ïé

ìåãáëýôåñåò áðïêëßóåéò ôùí ôåóóÜñùí ìïíôÝëùí áðü ôçí

åðßëõóç ìå ôï íÝï óôïé÷åßï. Áðü ôï ó÷Þìá 11 åýêïëá óõíÜ-

ãåôáé ôï óõìðÝñáóìá üôé ôï ìïíôÝëï ìå ôá 3 óôïé÷åßá åßíáé

áíåðáñêÝò, äéüôé åìöáíßæåé áðïêëßóåéò, ïé ïðïßåò óôéò âÜóåéò

ôùí óôýëùí ðëçóéÜæïõí ôï 30%. Ïé áðïêëßóåéò ôïõ ìïíôÝ-

ëïõ áõôïý åßíáé áêüìá ìåãáëýôåñåò öèÜíïíôáò óôï 40%

üóïí áöïñÜ óôéò ñïðÝò ðïõ áíáðôýóóïíôáé óôá Üêñá ôçò

äïêïý èåìåëßùóçò. Ôï ìïíôÝëï ìå ôá 5 óôïé÷åßá, üðùò åßíáé

öõóéêü, åìöáíßæåé áêñéâÝóôåñá áðïôåëÝóìáôá, ìå áðïêëß-

óåéò ðïõ êõìáßíïíôáé áðü 10 Ýùò 15%. ÔÝëïò, ôá äýï åðüìå-

íá ìïíôÝëá (ìå 10 êáé 19 óôïé÷åßá áíôßóôïé÷á) ðñïóåããßæïõí

ðïëý éêáíïðïéçôéêÜ ôçí áêñéâÞ ëýóç, ìå áíôßôéìï üìùò ôçí

ðõêíÞ äéáêñéôïðïßçóç. Ç ðáñáðÜíù åéêüíá äéáôçñåßôáé êáé
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óôéò áðïêëßóåéò ôùí ôåìíïõóþí. Óôï ó÷Þìá 12 öáßíåôáé

êáèáñÜ üôé ïé áðïêëßóåéò ôïõ ìïíôÝëïõ ìå ôá ôñßá óôïé÷åßá,

áí êáé åßíáé ìéêñüôåñåò óå óýãêñéóç ìå ôéò áíôßóôïé÷åò áðï-

êëßóåéò ôùí ñïðþí óôéò âÜóåéò ôùí äýï óôýëùí ôïõ ðëáéóß-

ïõ (ðåñßðïõ 15% ãéá ôïí áñéóôåñü êáé 5% ãéá ôï äåîéü

óôýëï), ãßíïíôáé õðåñâïëéêÜ ìåãÜëåò óôá Üêñá ôçò äïêïý

èåìåëßùóçò, åããßæïíôáò ðïóïóôÜ ôçò ôÜîçò ôïõ 80-90%. 

6.2. ÐáñÜäåéãìá 2

Óôï ðáñÜäåéãìá áõôü åðéëýåôáé ôï ìåôáëëéêü ðëáßóéï ôïõ

ó÷Þìáôïò 13 ìå öïñÝá èåìåëßùóçò áðü ïðëéóìÝíï óêõñüäå-

ìá. Ãßíåôáé ÷ñÞóç äýï õðïðåñéðôþóåùí ôïõ ðñïôåéíüìåíïõ

íÝïõ óôïé÷åßïõ: Ç ìßá áöïñÜ óôçí õðïðåñßðôùóç óôïé÷åßïõ

ìå çìéÜêáìðôåò óõíäÝóåéò ÷ùñßò óõíå÷Þ åëáóôéêÞ Ýäñáóç

(ðñïóïìïßùóç ôïõ æõãþìáôïò ôïõ ðëáéóßïõ), åíþ ç äåýôåñç

áöïñÜ óôçí õðïðåñßðôùóç óôïé÷åßïõ ìå óõíå÷Þ åëáóôéêÞ

Ýäñáóç ÷ùñßò ôéò çìéÜêáìðôåò óõíäÝóåéò (ðñïóïìïßùóç ôçò

óõíäåôÞñéáò äïêïý èåìåëßùóçò). Óôü÷ïò ôïõ ðáñáäåßãìáôïò

åßíáé íá äåßîåé ôçí õðåñï÷Þ ôïõ ðñïôåéíüìåíïõ óôïé÷åßïõ

üóïí áöïñÜ óôçí áîéüðéóôç ðñïóïìïßùóç çìéÜêáìðôùí

óõíäÝóåùí Ýíáíôé óõìâáôéêþí ôñüðùí ðñïóïìïßùóÞò ôïõò.

Ðñïò ôïýôï, ãéá ôç èåìåëéïäïêü ôïõ ðëáéóßïõ ÷ñçóéìï-

ðïéÞèçêå ìéá ðõêíÞ äéáêñéôïðïßçóç (Í=19, âë. ó÷Þìá 9)
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Ó÷Þìá 8: Ðëáßóéï ïðëéóìÝíïõ óêõñïäÝìáôïò (ÐáñÜäåéãìá 1).

Figure 8: R/C frame (Example 1).

Ó÷Þìá 9: ÔÝóóåñá ìïíôÝëá ìå äéáöïñåôéêÝò äéáêñéôïðïéÞóåéò ôçò

èåìåëéïäïêïý.

Figure 9: Four models with varying discretization density of the

foundation beam.

Ó÷Þìá 10: Áðïêëßóåéò ôùí ìåôáêéíÞóåùí ôùí êüìâùí 1 � 4 ôùí ôåó-

óÜñùí ìïíôÝëùí áðü ôç ëýóç áíáöïñÜò ìå ÷ñÞóç ôïõ íÝïõ óôïé÷åßïõ.

Figure 10: Deviations of the displacements at nodes 1 � 4 of the

four models relative to the reference solution using the proposed

new element.

Ýôóé, þóôå ç ðñïóÝããéóç ôçò óõíå÷ïýò åëáóôéêÞò Ýäñáóçò íá

ðñïóåããßæåé åðáñêþò ôçí áêñéâÞ ëýóç êáé ïé üðïéåò äéáöï-

ñÝò óôá áðïôåëÝóìáôá ìåôáîý ôçò åðßëõóçò ìå ôï ðñïôåéíü-

ìåíï óôïé÷åßï êáé ôùí åðéëýóåùí ìå ôï SAP90 íá ïöåßëïíôáé

áðïêëåéóôéêÜ óôï äéáöïñåôéêü ôñüðï ðñïóïìïßùóçò ôùí

çìéÜêáìðôùí óõíäÝóåùí.

6.2.1. Ç ðñïóïìïßùóç ôùí çìéÜêáìðôùí óõíäÝóåùí

ÐñáãìáôïðïéÞèçêáí åðéëýóåéò ìå ôñåéò äéáöïñåôéêÝò

ðåðåñáóìÝíåò ôéìÝò äõóôñåøßáò ãéá ôá óôñïöéêÜ åëáôÞñéá

(ðßíáêáò 1). Ïé ôéìÝò áõôÝò áíôéóôïé÷ïýí óå ôñåéò äéáöïñåôé-

êïýò ôñüðïõò óýíäåóçò ìåôáëëéêþí óôïé÷åßùí [22], üðùò

öáßíåôáé óôï ó÷Þìá 14.

Ç ìïíôåëïðïßçóç ôùí óôñïöéêþí åëáôçñßùí ìå ÷ñÞóç

óõìâáôéêþí ðñïãñáììÜôùí, ðïõ äéáèÝôïõí ìüíïí áðëÜ êëá-

óéêÜ óôïé÷åßá äïêïý, áðáéôåß ìéá åîåéäéêåõìÝíç ðñïóïìïßù-

óç ôïõ óçìåßïõ óýíäåóçò ôùí äýï äïêþí. Óôï ó÷Þìá 15

äßíïíôáé ïé äýï ôñüðïé ðïõ ÷ñçóéìïðïéÞèçêáí êáôÜ ôéò åðé-



ëýóåéò ìå ôï ðñüãñáììá SAP90. Åßíáé ðñïöáíÝò üôé ôÝôïéåò

ôå÷íéêÝò ðñïóïìïßùóçò êáèßóôáíôáé ðåñéôôÝò, åöüóïí ôï

÷ñçóéìïðïéïýìåíï ðñüãñáììá äéáèÝôåé ôï ðñïôåéíüìåíï íÝï

óôïé÷åßï.

6.2.2. Óõãêñßóåéò ìåãåèþí ìåôáêßíçóçò

Ïé óõãêñßóåéò ðåñéïñßæïíôáé óôéò ôéìÝò ôùí óôñïöþí

óôïõò êüìâïõò üðïõ âñßóêïíôáé ôá óôñïöéêÜ åëáôÞñéá, áöïý

óôïõò êüìâïõò áõôïýò åìöáíßæïíôáé ïé ìåãáëýôåñåò áðïêëß-

óåéò. Áðü ôï ó÷Þìá 16 åîÜãåôáé ôï óõìðÝñáóìá üôé ïé áðï-

êëßóåéò åßíáé ãåíéêÜ ìéêñÝò êáé üôé áõîÜíïõí, üôáí áõîÜíåé ç

ôéìÞ ôçò óôáèåñÜò ôùí óôñïöéêþí åëáôçñßùí. Áõôü óçìáßíåé

üôé ïé óõìâáôéêïß ôñüðïé ðñïóïìïßùóçò ôùí åëáôçñßùí ðïõ

ðåñéãñÜöïíôáé óôï ó÷Þìá 15 åßíáé åðáñêåßò üóïí áöïñÜ óôéò

ôéìÝò ôùí ìåãåèþí ìåôáêßíçóçò.

6.2.3. Óõãêñßóåéò ìåãåèþí Ýíôáóçò

Óôï ó÷Þìá 17 äßíïíôáé ïé áðïêëßóåéò ôùí ìïíôÝëùí áðü

ôéò ôéìÝò ðïõ äßíåé ç åðßëõóç ìå ôï ðñïôåéíüìåíï óôïé÷åßï,

üóïí áöïñÜ óôéò êáìðôéêÝò ñïðÝò ðïõ áíáðôýóïíôáé óôïõò

êüìâïõò üðïõ âñßóêïíôáé ôá óôñïöéêÜ åëáôÞñéá. ¼ðùò öáß-

íåôáé óôï ó÷Þìá áõôü, ïé áðïêëßóåéò åßíáé éäéáßôåñá ìéêñÝò

êáé ìðïñïýí íá èåùñçèïýí áìåëçôÝåò. Áêüìç ìéêñüôåñåò

åìöáíßæïíôáé ïé áðïêëßóåéò ðïõ áöïñïýí óôéò ôÝìíïõóåò
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Ó÷Þìá 11: Ðïóïóôéáßåò áðïêëßóåéò ôùí ñïðþí ôùí ôåóóÜñùí ìïíôÝëùí áðü ôç ëýóç áíáöïñÜò ìå ôï ðñïôåéíüìåíï íÝï óôïé÷åßï.

Figure 11: Bending moment deviation (in percent) of the four models relative to the reference solution using the proposed new element.

Ó÷Þìá 12: Ðïóïóôéáßåò áðïêëßóåéò ôùí ôåìíïõóþí ôùí ôåóóÜñùí ìïíôÝëùí áðü ôç ëýóç áíáöïñÜò ìå ôï íÝï ðñïôåéíüìåíï óôïé÷åßï.

Figure 12: Shear force deviations (in percent) of the four models relative to the reference solution using the proposed new element.



äõíÜìåéò (ó÷Þìá 18). Ôï ãåãïíüò üôé ôá áðïôåëÝóìáôá, ôá

ïðïßá åîÜãïíôáé ìå ôç âïÞèåéá ôçò óõìâáôéêÞò ðñïóïìïßù-

óçò ôùí çìéÜêáìðôùí óõíäÝóåùí, åßíáé ðïëý êïíôÜ óôá

áðïôåëÝóìáôá ôùí åðéëýóåùí ìå ÷ñÞóç ôïõ íÝïõ óôïé÷åßïõ

äåí áíáéñåß ôç ÷ñçóéìüôçôá ôïõ ôåëåõôáßïõ, ôï ïðïßï, ðÝñáí

ôçò áêñßâåéáò ðïõ åîáóöáëßæåé, äéáêñßíåôáé ãéá ôçí áðëüôç-

ôá êáé ôçí ïéêïíïìßá ìå ôçí ïðïßá åðéôõã÷Üíåôáé ç ðñïóï-

ìïßùóç áõôÞ. Äåí ðñÝðåé íá äéáöåýãåé ôçò ðñïóï÷Þò ôï

ãåãïíüò üôé ãéá ôçí ðñïóïìïßùóç ôïõ ðëáéóßïõ ôïõ ðáñá-

äåßãìáôïò 2 ÷ñåéÜóôçêáí ìüíïí 4 íÝïõ ôýðïõ óôïé÷åßá Ýíá-

íôé ôùí óõíïëéêþò 34 óõìâáôéêþí ðïõ ÷ñçóéìïðïéÞèçêáí

ãéá ôçí åðßëõóÞ ôïõ ìå ôï SAP90. ÐÝñáí ôïýôïõ, äåí ðñÝðåé

íá ëçóìïíåßôáé üôé ãéá ôçí áêñéâÞ ðñïóÝããéóç ôçò ôéìÞò ôçò

óôáèåñÜò ôùí óôñïöéêþí åëáôçñßùí ìå ôéò ôå÷íéêÝò ðñïóï-

ìïßùóçò, ðïõ ðåñéãñÜöçêáí ðéï ðÜíù, áðáéôåßôáé ðïëý

ìåãÜëç ðñïóï÷Þ óôçí åðéëïãÞ ôüóï ôïõ ìÞêïõò üóï êáé ôùí

ãåùìåôñéêþí óôïé÷åßùí ôçò äéáôïìÞò ôùí ðñüóèåôùí âïçèç-

ôéêþí óôïé÷åßùí ðïõ ÷ñçóéìïðïéïýíôáé.

7. ÓÕÌÐÅÑÁÓÌÁÔÁ

ÐáñïõóéÜóôçêå ç äéáäéêáóßá áíÜðôõîçò ôïõ ìçôñþïõ

äõóêáìøßáò êáé ôùí ìçôñþùí öüñôéóçò åíüò íÝïõ óýíèåôïõ

ðåðåñáóìÝíïõ óôïé÷åßïõ äïêïý, ôï ïðïßï åíóùìáôþíåé ôç

äõíáôüôçôá áêñéâïýò ðñïóïìïßùóçò ôüóï äïêþí åðß åëá-
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Ó÷Þìá 13: Ìåôáëëéêü ðëáßóéï (ÐáñÜäåéãìá 2).

Figure 13: Steel frame (Example 2).

Ðßíáêáò 1: Ïé ôéìÝò äõóôñåøßáò ôùí óôñïöéêþí åëáôçñßùí ðïõ ÷ñç-

óéìïðïéÞèçêáí óôéò áíáëýóåéò.

Table 1: Torsional stiffnesses of the rotational springs used in the

analyses.

Ó÷Þìá 14: Ôñåéò ôýðïé óýíäåóçò ìåôáëëéêþí óôïé÷åßùí.

Figure 14: Three types of steel frame connections.

óôéêïý õðïâÜèñïõ üóï êáé çìéÜêáìðôùí óõíäÝóåùí ìåôáë-

ëéêþí öïñÝùí. Ç õðåñï÷Þ ôïõ íÝïõ óôïé÷åßïõ Ýíáíôé ôùí

êëáóéêþí óôïé÷åßùí, ðïõ ÷ñçóéìïðïéïýíôáé ãéá ôçí ðñïóï-

ìïßùóç ôùí öïñÝùí èåìåëßùóçò, Ýãêåéôáé óôï ãåãïíüò üôé

âáóßæåôáé óôçí áíáëõôéêÞ åðßëõóç ôçò äéáöïñéêÞò åîßóùóçò

ðïõ äéÝðåé ôï ðñüâëçìá ôçò ìç÷áíéêÞò óõìðåñéöïñÜò äïêþí

åðß åëáóôéêïý õðïâÜèñïõ ôýðïõ Winkler. Ôáõôü÷ñïíá, ç

åíóùìÜôùóç ôùí áðïëýôùò óôåñåþí âñá÷éüíùí óôá Üêñá

ôïõ óôïé÷åßïõ åðéôñÝðåé ôçí Üìåóç ðñïóïìïßùóç áö� åíüò

ôùí ðåäßëùí èåìåëßùóçò, ôá ïðïßá ùò äïìéêÜ óôïé÷åßá ìåãÜ-

ëïõ üãêïõ èåùñïýíôáé êáôÜ ôçí áíÜëõóç ùò Üêáìðôá, êáé

Ó÷Þìá 15: Äýï äéáöïñåôéêïß ôñüðïé ðñïóïìïßùóçò ôùí çìéÜêá-

ìðôùí óõíäÝóåùí ìå ðñüóèåôá âïçèçôéêÜ óôïé÷åßá.

Figure 15: Two different ways of modelling the semi�rigid connec-

tions using additional auxiliary elements.



áö� åôÝñïõ ôùí Üêáìðôùí ðåñéï÷þí ôùí êüìâùí (äïêþí,

óôýëùí êáé êõñßùò ôïé÷ùìÜôùí). Ç åíóùìÜôùóç ôùí óôñï-

öéêþí åëáôçñßùí, óå óõíäõáóìü ìå ôïõò áðïëýôùò óôåñåïýò

âñá÷ßïíåò, ïäçãåß óå ìéá õðïëïãéóôéêÜ áðëïýóôåñç ðñïóï-

ìïßùóç ôùí çìéÜêáìðôùí óõíäÝóåùí óôïõò êüìâïõò ìåôáë-

ëéêþí ðëáéóßùí êÜíïíôáò ðåñéôôÞ ôç ÷ñÞóç ðñüóèåôùí âïç-

èçôéêþí óôïé÷åßùí. Ôá ðáñáäåßãìáôá ðïõ ðáñáôÝèçêáí ôåê-
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Ó÷Þìá 16: Ïé áðïêëßóåéò ôùí óôñïöþí ôùí êüìâùí 2 êáé 3 áðü ôçí

åðßëõóç ìå ôï ðñïôåéíüìåíï íÝï óôïé÷åßï.

Figure 16: Deviations of the rotations at nodes 2 and 3 from the

solution using the proposed new element.

Ó÷Þìá 18: Ïé áðïêëßóåéò ôùí ôåìíïõóþí äõíÜìåùí ðáñåéÜò ôùí êüì-

âùí 2 êáé 3 áðü ôç ëýóç ìå ôï ðñïôåéíüìåíï íÝï óôïé÷åßï.

Figure 18: Deviations of shear forces at nodes 2 and 3 from the

solution with the proposed new element.

Ó÷Þìá 17: Ïé áðïêëßóåéò ôùí ñïðþí ðáñåéÜò ôùí êüìâùí 2 êáé 3

áðü ôç ëýóç ìå ôï ðñïôåéíüìåíï íÝï óôïé÷åßï.

Figure 17: Deviations of bending moments at nodes 2 and 3 from

the solution using the proposed new element.

ìçñßùóáí ôç ÷ñçóéìüôçôÜ ôïõ óôïé÷åßïõ, ç ïðïßá óõíßóôáôáé

áö� åíüò óôçí áêñßâåéá ôïõ, ç ïðïßá ìüíï ìå ÷ñÞóç åíüò

ìåãÜëïõ áñéèìïý óõìâáôéêþí óôïé÷åßùí äïêïý ìðïñåß íá

ðñïóåããéóôåß, êáé áö� åôÝñïõ óôçí åõêïëßá ìå ôçí ïðïßá

ðñïóïìïéþíïíôáé ôìÞìáôá öïñÝùí, ðïõ ìå ÷ñÞóç óõìâáôé-

êþí óôïé÷åßùí äïêïý èá áðáéôïýóáí åéäéêÝò ôå÷íéêÝò ðñïóï-

ìïßùóçò. 
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    ) 

      ) 

32

ÖB

13
12

ÖB

33
M2

12

ÖÁ

31
32

ÖÁ

11
M3

Ê
K

K
 - K

K

K
+(1 =D

Ê
Ê

Ê
-Ê

K

K
+(1 =D

     1ð1S22
M3

ÖÂ

23M2

ÖÁ

21O
22 )db(K +K +

D

D

K

K

D

D

K

K
 -K −=

 - ) 2
1ð1S221

ÖÂ

M3

ÖÂ

23
1

M2

ÖÁ

21
1

O
12 )db(K

2

1
Kd 

K

D

K

K
d 

D

D

K

K
d-(1K ++=

)Kd(Ê
K

K
-)Kd)(Ê

K

K
+(1=D

)Kd(Ê
K

K
-)Kd)(Ê

K

K
+(1=D

12111

ÖA

31

32131

ÖA

11

M3

32131

ÖÂ

13
12111

ÖÂ

33
M2

++

++

)db(K
3

1
 + Kd Kd +

D

D

K

K
d 

D

D

K

K
d -1K     - )( 3

1ð1S21122
2
1

M3

ÖÂ

23
1

M2

ÖÁ

21
1

O
11 +=



ÂÉÂËÉÏÃÑÁÖÉÁ

1. Winkler E., �Die Lehre von der Elasticitaet und Festigkeit�, Prag,

Dominicus, 1867.

2. D. Aristizabal - Ochoa, «First and Second Order Stiffness Matrices

and Load Vector of Beam - Columns with Semirigid Connections», Journal

of Structural Engineering, Vol. 123, No 5, 669 � 678, 1997.

3. Hetenyi M., �Beams on Elastic Foundation�, The University of

Michigan Press, University of Michigan Studies, Scientific Series, Vol.

XVI, Ann Arbor, 1946. 

4. Malter H., �Numerical solutions for beams on elastic foundation�,

Trans. ASCE 125, paper No 3042, 757-791,1960. 

5. Iyengar, K.T.S.R. and Anatharamu, S., �Finite Beam-Columns on

Elastic Foundation�, Journal of the Engineering Mechanics Division,

ASCE, Vol. 90, No EM6, Proc. Paper 3720, Dec., 139-160, 1963.

6. Miranda C. and Nair K., �Finite beams on elastic foundation�, J.

Struct. Div. ASCE, 92, 131-142, 1966.

7. Selvadurai A.P.S., �Elastic analysis of soil-foundation interaction�,

Amsterdam, Oxford, New York, Elsevier Scientific Publications, 1979. 

8. Avramidis, I.E. and Avramidou, M., �Steifigkeitsmatrizen für ein

weg� und drehelastisch gebettetes finites Balkenelement zur allgemeiner

rostförmiger Kreuzwerke�. DER STAHLBAU, 12, 374 � 377, 1979.

9. Avramidis, I.E., Golm, B., �Steifigkeitsmatrizen für elastisch

gebettete Balkenelement�, DIE BAUTECHNIK 57, H.5, S. 171 � 173,

1980.

10. Avramidis, I.E., �Ü bertragungs- und Steifigkeitsmatrizen für den

elastisch gebetteten Zug-und Druckstab nach der Theorie II. Ordnung�. DIE

BAUTECHNIK 59, H. 3, S. 99 � 104, 1982 êáé DIE BAUTECHNIK 59,

H. 4, S. 140 � 143, 1982.

11. Áâñáìßäçò, É.Å., �ÁêñéâÞ ìçôñþá äõóêáìøßáò êáé ìåôáöïñÜò ôçò

åëáóôéêþò åäñáæïìÝíçò äïêïý ìå áîïíéêü öïñôßï êáôÜ ôç èåùñßá 2çò ôÜîçò

êáèþò êáé ãéá üëåò ôéò õðïðåñéðôþóåéò�, Ìïíïãñáößá, ÅðéóôçìïíéêÞ Åðå-

ôçñßäá ôçò Ðïëõôå÷íéêÞò Ó÷ïëÞò ôïõ Á.Ð.È., ÔìÞìá Ðïëéôéêþí Ìç÷á-

íéêþí, ôüìïò È, 1982. 

12. Ting B.Y., �Finite beams on elastic foundation with restraints�, J.

Struct. Div. ASCE, 108, 611-621, 1982.

13. Ting B.Y. and Mockry E.F., �Beam on Elastic Foundation Finite Ele-

ment�, Journal of Structural Engineering, 110(10), 2324 � 2339, 1984. 

14. Eisenberger M. and Yankelevsky D.Z., �Exact stiffness matrix for

beams on elastic foundation�, Computers and Structures, 21, 1355 � 1359,

1985. 

15. Essenburg F., �Shear Deformation in Beams on Elastic Foun-

dations�, Journal of Applied Mechanics, 29, 313-317, 1962.

16. Djodjo B.A., �Transfer matrices for beams loaded axially and laid

on an elastic foundation�, Aeronaut. Q., 20, 281-306, 1969.

17. Cheng F.Y. and Pantelides C.P., �Static Timoshenko Beam-Column

on Elastic Media�, Journal of Structural Engineering, 114/No 5, 1152-

1172, 1988.

18. Aydogan M., �Stiffness-Matrix Formulation of Beams with Shear

Effect on Elastic Foundation�, Journal of Structural Engineering, 121/No

9, 1265-1270, 1995. 

19. Aristizabal - Ochoa. J. Dario, �Stability of columns under uniform

load with semirigid connections�, J. Struct. Engrg., ASCE, 120 (11), Nov.,

3212 � 3222, 1994c.

20. Cunningham. R., �Some aspects of semi - rigid connections in stru-

ctural steel � work�, Structural Engineering, 68 (5), 85 � 92, 1990.

21. Xu L. and Grierson D. E., �Computer-automated design of semirigid

steel frameworks�, Journal of Structural Engineering, 119 (6), 1740 �

1760, 1993.

22. �Semi-Rigid connections in steel frames�, Council on tall buildings

and urban habitat. Committee 43, Mc Graw-Hill, New York, 1993.

23. E. E. Matheu and L. E. Suarez, �Eigenvalue analysis of structures

with flexible random connections�, Structural Engineering and Mecha-

nics, Vol. 4, No 3, 277 � 301, 1996.

24. B. Coric, Z. Markovic, �Non � Linear Analysis of Steel Structures

with Semi � Rigid Connections�, T196 � 6 Structural Engineering World

Wide, 1988.

25. Milicevic M., Zdravkovic S., Zlatkov D., Kostadinov B., �Matrix

Formulation of Design and Testing of Structures with Semi � Rigid Connec-

tions�, T223 � 3 Structural Engineering World Wide, 1998.

26. Milicevic M., Zdravkovic S., Zlatkov D., Mladenovic B., Igic T.,

�Seismic analysis of structures with semi � rigid connections�, 11th Euro-

pean Conference on Earthquake Engineering, Balkena, Rotterdam, 1998.

 
K K

)(K
 

Ê

Ê
+1

K

K
+[1 = D

ÖÂÖÁ

13

ÖÂ

33

ÖÁ

11
2

]][ −

  
K

K
K )

K

K
+(1 K = D

  
K

K
 K )

K

K
+(1 K = D

ÖÁ

31
14

ÖÁ

11
34M3

ÖÂ

13
34

ÖÂ

33
14M2

−

−

         2ð2S44
M3

ÖÂ

43M2

ÖA

41O
44 )db(ÊK

D

D

K

K

D

D

K

K
K ++- −=

 [    (  2ð2S442
M3

ÖÂ

43
2

M2

ÖÁ

41
2

O
34 )db(K

2

1
Kd

D

D

K

K
d1

D

D

K

K
dK ]) +−++=

        24
M3

ÖÂ

23M2

ÖA

21O
24 K

D

D

K

K

D

D

K

K
K +- −=

         - ( 241

M3

ÖÂ

23

1
M2

ÖÁ

21
1

O
14 Kd

D

D

K

K
d

D

D

K

K
d1K +−= )

     )Kd (Ê
K

K
 - )Kd (K

K

K
+(1 D

    )Kd (Ê
Ê

Ê
-Kd Ê

K

K
+(1 D

14213
ÖÁ

31
34233

ÖÁ

11
M3

34233
ÖB

13
14213

ÖB

33
M2

) 

  ))( 

--

--

=

=

3
2ð2S442432

M3

ÖÂ

43
2

M2

ÖÁ

41
2

O
33 )db(K

3

1
 + Kd +-Kd +

D

D
)

K

K
d(1 +

D

D

K

K
dK ) ( +=

Kd K +
D

D

K

K

D

D

K

K
 -K         24223

M3

ÖÂ

23M2

ÖÁ

21O
23 --=

Kd-Kd
D

D

K

K
d

D

D

K

K
d-(1K   )(-) 242231

M3

ÖÂ

23
1

M2

ÖÁ

21
1

O
13 +=

113Tå÷í. ×ñïí. Åðéóô. ¸êä. ÔÅÅ, É, ôåý÷. 3  2000  Tech. Chron. Sci. J. TCG, I, No 3



27. Ghali, A. and Neville, A.M., �Structural Analysis � A Unified

Classical and Matrix Approach�, Chapman and Hall, London � New York,

3rd edition.

28. Wilson, E.L., Habibullah, A., �SAP90, A series of Computer Pro-

grams for the Finite Element Analysis of Structures�, User Manual, Revised

May 1992, Computers and Structures Inc. Berkeley, California, USA, 1992.

29. Filonenko � Borodich, �Some Approximate Theories of Elastic

Foundation�, (in Russian), Uchenyie Zapiski Moskovskogo Gosu-

darstvennogo Universiteta, Mechanica, No 46, 3 � 18, 1940.

30. Pasternak P.L., �On a new Method of Analysis of an Elastic Foun-

dation by Means of Two Constants�, (in Russian), Gosudarstvennoe

Izdatelstvo Literaturi po Stroitelstvu i Arkhitekture, Moscow, USSR,

1954.

31. Vlasov V.Z. and Leontiev U.N., �Beams, Plates, and Shells on

Elastic Foundation�, (Translated from Russian), Israel Program for Scien-

tific Translations, Jerusalem, 1966.

32. Kerr A.D., �On the formal development of elastic foundation mo-

dels�, Ingenieur � Archiv 54, 455 � 464, 1984.

33. L. Stavridis, �Tragwerke auf elastischem Boden�, BAUINGE-

NIEUR, 72, 565 � 569, 1997.

34. Cheung Y.K. and Nag D.K., �Plates and Beams on Elastic Foun-

dations � Linear and Non-Linear Behaviour�, Geotechnique, 18, 250 � 260,

1968.

114 Tå÷í. ×ñïí. Åðéóô. ¸êä. ÔÅÅ, É, ôåý÷. 3  2000  Tech. Chron. Sci. J. TCG, I, No 3

ÉùÜííçò Å. Áâñáìßäçò,

Äñ ðïëéôéêüò ìç÷áíéêüò, êáèçãçôÞò, ÅñãáóôÞñéï ÅöáñìïóìÝíçò ÓôáôéêÞò, ÔìÞìá Ðïëéôéêþí Ìç÷áíéêþí Á.Ð.È., 540 06 Èåóóáëïíßêç,

ôçë. 031 � 995623, e � mail: avram@civil.auth.gr

Êùí/íïò Ìïñößäçò,

Äéðë. ðïëéôéêüò ìç÷áíéêüò, ìåôáðôõ÷éáêüò öïéôçôÞò, ÅñãáóôÞñéï ÅöáñìïóìÝíçò ÓôáôéêÞò, ÔìÞìá Ðïëéôéêþí Ìç÷áíéêþí Á.Ð.È., 546 32,

Èåóóáëïíßêç, ôçë. 031 � 617373.



Abstract

A new generalized beam element on a continuous Winkler � type

elastic foundation is presented in this paper. This element has the

ability of optional consideration of shear deformation, semi-rigid

connections, and rigid offsets. Additionally, the procedure for deve-

lopment of matrices of equivalent joint forces is presented. These

matrices refer to uniform load and nonuniform temperature varia-

tion. The new element is considered as generalized because of its

ability to degenerate to various simpler elements. This is accom-

plished by zeroing certain coefficients in the expressions of the stiff-

ness matrix, or by forming their limit values. These abilities render

the generalized element very useful in structural analysis computer

programs where, with the aid of appropriate �switches�, it is possi-

ble to produce the desired element each time. The use of the new ele-

ment in the analysis of reinforced concrete or steel stuctures is docu-

mented by two examples.

1. INTRODUCTION

The modeling and analysis of reinforced concrete or steel

structures lead to some specific problems, namely:

a. The analysis of foundation beams necessitates modeling

the soil behaviour. The first approximation of this pro-

blem, which will be adopted in this paper, is based on the

use of the well known Winkler model [1]. 

b. The analysis of beams on a Winkler-type foundation

demands the use of finite beam elements on a continuous

elastic support. Moreover, it is important to consider the

existence of footings at the column base and their effect

on the calculation of stresses which are used for the

design of the attached structural elements. These pro-

blems are usually dealt with by using conventional beam

elements and applying the following technique: the con-

tinuous elastic support is replaced by an appropriate num-

ber of single springs, in between which a conventional

beam element is placed, while the regions representing

the footings are concidered as rigid, and are modeled by

beam elements, with very large values regarding their

moment of inertia. This technique leads to results which

diverge from the exact solution, because of discretization

of the continuous elastic support. Additionally, numerical

instabilities may occur because of the use of very large

values for the moment of inertia. 

c. In most cases, the use of the Timoshenko beam elements

instead of the Bernouli beam elements is essential, since

the shear deformations of the foundation beams are by no

means negligible. This demand arises when the height to

length ratio of the beams assumes a relatively high value. 

d. The analysis of steel structures introduces some signifi-

cant problems in the process of the modeling of beam �

column joints. A problem of this type is the modeling of

beams with flexible connections. The first approximation

to this problem is accomplished by the use of beam ele-

ments which have rotational springs at their ends. More-

over, if it is necessary to take into account the rigidity of

the joints, then a finite beam element with rigid offsets is

necessary. The connection between the rigid offsets and

the median segment of the element is settled by rotatio-

nal springs (semi�rigid connections).

In the past, some solutions were given to the problems

referred to above. However, these solutions do not consider

the totality of the problems but each of them separately.

This paper aims to exhaustively address all these pro-

blems by means of a generalized finite beam element (fig.

1d). The element is based on the analytical solution of the dif-

ferential equation which describes the problem of beams on

elastic foundation, while featuring rigid offsets at its ends.

The connection of rigid offsets to the interior element is

implemented by means of rotational springs (semi-rigid con-

nections). Due to the characteristics shown above, a single

new element is required in order to model every span of a

continuous beam.

2. DERIVATION OF STIFFNESS MATRIX
AND LOAD VECTORS

The stiffness matrix is derived in two stages. In the first

stage, the exact stiffness matrix of the median segment of the

element is formed. This stiffness matrix is available in many
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sources [8 � 17]. At the second stage (which is the main

object of this paper) the equations that relate the terms of the

stiffness matrix of the median segment of the element to the

displacements of its nodes are formed. These equations

demonstrate the effect of the rotational springs and of the

rigid offsets (which are also elastically supported) on the

stiffness matrix of the element.

The stiffness matrix is formed in a general way, such that

permits the use of either the Bernouli or the Timoshenko

beam theory. Moroever, it is possible to ignore either the rigid

offsets or the semi�rigid connections. In order to fulfill these

requirements, it is enough to set certain coefficients equal to

zero, or to form their limit values.

Apart from the stiffness matrix, matrices of equivalent

joint forces for uniform load and for nonuniform temperature

variation are formed. These matrices are based (as is the stiff-

ness matrix) on the exact solution of the governing differen-

tial equation of the problem. At first, the stresses due to the

uniform load (or to nonuniform temperature variation) of an

element with rotational springs at its nodes are calculated.

Afterwards, these stresses are transmitted through the rigid

offsets to the end nodes of the element. 

Initially, the matrices of equivalent joint forces for the

Timoshenko beam are formed, whereas the matrices for the

Bernouli beam arise from the respective matrices of the Timo-

shenko beam by forming the limit values of the latter with

regard to shear rigidity.

3. DERIVATION OF STIFFNESS MATRIX
AND LOAD VECTORS

The stiffness matrix is derived in two stages. In the first

stage, the exact stiffness matrix of the median segment of the

element is formed. This stiffness matrix is available from

many sources [8 � 17]. At the second stage (which is the main

object of this paper) the equations that relate the terms of the

stiffness matrix of the median segment of the element to the

displacements of its nodes are formed. These equations

demonstrate the effect of the rotational springs and of the

rigid offsets (which are also elastically supported) on the

stiffness matrix of the element.

The stiffness matrix is formed in a general way, such as to

permit the use of either the Bernouli or the Timoshenko beam

theory. Moroever, it is possible to ignore either the rigid off-

sets or the semi-rigid connections. In order to fulfill these

requirements, it is enough to set certain coefficients equal to

zero, or to form their limit values.

Apart from the stiffness matrix, matrices of equivalent

joint forces for uniform load and for nonuniform temperature

variation are formed. These matrices are based (as is the stiff-

ness matrix) on the exact solution of the governing differen-

tial equation of the problem. At first, the stresses due to the

uniform load (or to nonuniform temperature variation) of an

element with rotational springs at its nodes are calculated.

Afterwards, these stresses are transmitted through the rigid

offsets to the end nodes of the element. 

Initially, the matrices of equivalent joint forces for the

Timoshenko beam are formed, whereas the matrices for the

Bernouli beam arise from the respective matrices of the Timo-

shenko beam by forming the limit values of the latter with

regard to shear rigidity.

4. CONCLUSIONS

A new generalized Bernouli/Timoshenko beam element

for use in reinforced concrete or steel structures analysis has

been presented. This element possesses the following charac-

teristics:

a. Winkler type elastic support,

b. Rigid offsets, 

c. Semi-rigid connections at the internal nodes.

These characteristics render this element very useful in

structural analysis computer programs where, with the aid of

appropriate �switches�, it is possible to produce the desired

element each time. 

The usefulness of the new element has been illustrated by

two examples. These examples indicated:

a. the eligibility of the new element for the analysis of any

type of linear structures,

b. the simplicity which it offers in the modeling of foun-

dation beams and steel structures with semi-rigid connec-

tions, and

c. its reliabilty, due to the fact that it is based on the exact

solution of the differential equation which governs the

problem of a beam on Winkler type elastic foundation.
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